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PREFACE. 



In the present work, which is the result of more than ten 
years' experience in teaching, little has heen borrowed from 
other treatises except those ordinary rules which must in 
all Arithme^s be given in nearly the same words. It is, 
as the author believes, original in the' treatment of the sub- 
ject, in the methods of arriving at general rules, and in 
several points not elsewhere noticed. 

The brief explanation of Logarithms is intended for the 
benefit of those who have to use them for practical pur- 
poses, and who have not sufficient acquaintance with Alge- 
bra to enable them to understand the theorems upon which 
their construction is based. 

The whole of the Examples being original, and many of 
them new; in principle, form an important addition to the 
stock now available for teaching. 

Londorif 1864. 
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CHAPTER I. 



ABSTRACT NUMBERS. 



.RiTHMETio has been frequently defined to be the Science 
^Number, and this it certainly is ; but in the general accepta* 
on of the word it includes something more. As a science 
has for its subject the construction and development of 
I systems of expressing numbers, or parts of numbers, the 
cplanation ^Mril the consequences that follow from the 
loption of tnSe systems, and the investigation of the mutual 
ilations of the numbers themselves. By means of Calculation, 
hich is usually considered as a part of Arithmetic, these 
rinciples are applied to practical purposes. Hence Arith* 
etic includes both a science and an art. 
The first part of the science is the construction of systems 
^expressing numbers. There have been many such systems, 
hich may be divided into two main classes, each containing 
everal varieties* It is not the object of the present work to 
OQsider any other of these than that which is generally used 
n the world now. This system belongs to a class where the 
)rinciple of 'local value' is recognised in contradistinction to 
jstems such as the Greek and Roman, where it is not found ; 
.nd the particular variety of this class is determined by the 
act of the number ten being chosen as the scale upon which 
be local value increases or diminishes. For the purposes of 
zpression we have ten figures or digits, namely signifying 
othing, and called naughty a cipher ^ or zero, and 1, 2, 3, 4, 5, 
,7, 8, 9, expressing the numbers one^ a unit or unity^ two, 
\reeyfouryfivey six, seven, eight, nine, 
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2 NOTATION. 

The system will be best explained by showing its application 
to. a particular case. Let there be a large heap of corn, and 
let it be required to count the number of grains. If ten grains 
be counted and put aside by themselves, and afterwards ten 
more, and then ten more, and so on as far as possible ; then the 
whole heap will have been separated into a large number of 
smaller heaps, each containing ten grains, and probably one 
containing some number less than ten, s&j seven, besides. Now 
the number of these heaps of ten, though large, is yet not 
nearly so large as the original number of grains, so that by this 
separation a great reduction has been effected in the number 
with which we have to do. The same process may evidently 
be repeated. Ten of the heaps of ten may be counted and put 
aside, and then ten more, and ten more, and so on until as the 
result we have a number of heaps each containing,tentens, and 
one containing some number less than ten, anjtbe, of tens, be- 
sides. For ten tens we use the word hundred^ toRtherefore the 
original heap has thus been resolved into some number of 
hundreds, five tens, and seven. Taking the hundreds, and 
continuing the process, we should have some tens of hun* 
dreds, or thousands, and a number less than ten, say three, of 
hundreds, besides. Afterwards, still proceeding in the same 
manner, suppose that we have a numberof tens of thousands, 
and four thousands besides ; then a number of hundreds of 
thousands and six tens of thousands besides ; then a number 
of thousands of thousands, or millions, and eight hundreds of 
thousands besides. Lastly, suppose that we cannot proceed 
further in this way, the number ofmillions being less than ten, 
suppose seven. 

Then the whole number of grains in the heap would be 
expressed as seven millions, eight hundreds of thousands, six 
tens of thousands, four thousands, three hundreds, fivo tens, 
and seven. Let this be written with figures instead of words, 
and the names of the different heaps be placed above the cor- 
responding figures. Then the number will be—- 
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7 8 6 4 8 5 7 

Provided that the values of the several figures are remem- 
bered, the words written above them may be left out. And the 
values maj easily be remembered by noticing that they 
increase from the right towards the left, so that each number 
has a value ten times greater than the same number one 
place further towards the right, and ten times less than the 
same number one place further towards the left. The above 
number would therefore be written 7864357. This, according 
to the usual practice, would be read * seven millions, eight 
hundred and Jkty-four thousand, three hundred and fifty- 
seven,' and Qoasparing this reading with the expression of 
the number in words previously given, it will be at once seen 
that certain abbreviations are used. These abbreviations are 
as follows : firstly, the plural form of thousands and hundreds 
is not used; secondly, the words eleven, twelve, thirteen, 
fourteen, fifteen, sixteen, seventeen, eighteen, nineteen, are 
used in place of ten and 1, ten and 2, &c., as far as ten 
and 9 ; thirdly, the words twenty, thirty, forty, fifty, sixty, 
seventy, eighty, ninety, are used in place of two tens, three 
tens, &c., as far as nine tens, and after these words the 
conjunction *and' is omitted. Taking as examples, numbers 
of three figures, 453, 218, 907 would be respectively read, 
four hundred and fifty-three, two hundred and eighteen, 
nine hundred and seven. If a number consists of four, five, 
or six figures, the figures after the third from the right should 
be read in the way just explained, and the word thousand 
added. Thus, 23896 should be read twenty-three thousand 
eight hundred and ninety-six ; 4702 is fsj^vtr thousand seveii 
hundred and two ; 250008 is two hundred and fifty thousand 
and eight. It should be observed that the codj unction * qa\^' 
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4 NOTATION. 

is always used immediately before any number from 1 to 99 
being mentioned, and that it is not used anywhere else. 

It has now been explained how any number of not more 
than six figures should be read. If a number consist of 
more than six figures, let it be divided by commas into 
periods of six figures, commencing from the right hand, and 
call the second period from the right millions, the third 
billions^ the fourth trillions, and so on to quadrillions, 
quintillions, &c. As an example, the number of different 
ways in which the twelve black and twelve white draughts- 
men might be arranged on the draught-board is 

677794,282450,430456,394720 ; 

and this number is read, six hundred and seventy-seven 
thousand seven hundred and ninety-four trillions, two hun- 
dred and eighty-two thousand four hundred and fifty 
billions, four hundred and thirty thousand foi^ hundred and 
fifty-six millions, three hundred and ninety-four thousand, 
seven hundred and twenty. 

As it is most important that the pupil should thoroughly 
understand the process of Notation, or writing down in 
figures any given number, and the process of Numeration, 
or reading numbers when expressed in figures, examples of 
both are here given. (Note A.) 

Sx.1. 

Express in figures the numbers:— 

1. Twenty-nine. Eighty-six. Fifty-seven. 

2. Three hundred and fifty-four. Five hundred and nineteen. 
Six. hundred and eight. 

3. Two thousand five hundred and eleven. Eight thousand seven 
hundred and ninety-six. Thirteen thousand and nine. 

4. Twentj-foi^ thousand nine hundred and two. Three hundred 
and eighty-nine thousand seven hundred and forty-six. • 

5. Fifteen millions, six hundred and forty-three thousand, fire 
hundred and twenty-eight. Seventy-two millions one thousand and 
four. 

6. Three thousand and two billions four hundred millions and 
seventeen. 



ADDITION. 5 

Write down in words the nninbers :•— 

7. 56, 73. 85. 

8. 725. 913. 804. 

9. 4742. 7006. 23589. 

10. 51976. 200306. 

11. 48,275319. 675,000032. 

12. 5,179584,362814. 940,000000,320005. 

When numbers are used without reference to any par- 
ticular objects, as five, twentj-seven, eight thousand and 
nineteen, they are called Abstract Numbers, but when they 
have such a reference, as for instance, nine men, two pounds, 
fifty-four sheep, they are called Concrete Numbers, 

Numbers may be subjected to four different operations 
in arithmetic, Addition, Subtraction, Multiplication, and 
Division, and all arithmetical processes, however compli- 
cated, can be nothing but combinations of these four simple 
operations. 

The object* of Addition is to determine what number 
represents the sum of two or more numbers taken together. 
If, for example, three persons are in a room, and afterwards 
two more come in, it will be found that there are then five 
in the room, and from that we infer that the sum of the num- 
bers 3 and 2 iso. The foundation, therefore, of addition is the 
record of a certain number of facts established by experi- 
ence, and it should always be taught to little children in this 
way. A child should find out for himself, for example, that 
8 and 7 are 15, by putting down upon a slate 8 strokes, 
then afterwards putting down 7 more, and counting the 
total number. The number of primary facts to be thus 
recorded is 90, arising from each of the numbers 1, 2, 3, &c. 
as far as 10 being added to each of the numbers 1, 2, 3, &e. 
as far as 9. This series of results is sufficient to enable us 
to add together any two numbers, however large. ^^^^ 
For example, let the numbers be 7539 and 9645. Put 9645 
down either of these under the other, and com- 17184 
mence by adding the right hand figures, 5 and 9 are 14. 
It has been stated that 14 means 10 and 4, and here 



6 ADDITION. 

these two numbers are separated, the 4 being put down 
in the place of units, and 1 carried forward to the place 
of tens. This 1 carried forward, added to the 4 and 
the 3 in the place of tens, gives 8. The 6 and 5 in the 
place of hundreds give 11, that is 1 in the place of hun- 
dreds, and 1 carried forward to the place of thousands. 
Lastly, 1 and 9 are 10, and 10 and 7 are 17. 

Although this is the first and the most elementary 
example of any process in arithmetic, it yet affords an 
opportunity of explaining what constitute good and bad 
habits of working. It is very common and most objection- 
able for a child to accompany the addition with a monoton- 
ous repetition, or rather a chant, of the following words : — 
'Five and nine are fourteen, put down four and carry 
one ; one and four are five, and three are eight, six and five 
are eleven, put down one and carry one ; one and nine are 
ten, and seven are seventeen;' while the numbers to be 
carried are successively put down and smeared out, some- 
where below on the slate or paper. There is much here 
that is perfectly useless. It would be far better to say 
nothing aloud, and to ^ say to oneself' as it is called, or 
register in the memory, by allowing the mind to dwell upon 
them, not processes, but only results. Thus, criticising the 
words given above ; *^Ye and nine are fourteen' is more 
than is required to be remembered, the result, fourteen, 
being all that is wanted ; ' put down four and carry one ' is 
something to be done, and not to be talked about, and the 
< carrying ' is not made easier by the putting down and then 
smearing out a figure below, or, if made easier, it is at Uie 
expense of accustoming the child not to rely upon his 
memory at ell. All that should be registered in the 
memory is the series of results, * fourteen, five, eight, eleven, 
ten, seventeen.' This may appear at first sight a trivial 
matter, but attention to it greatly facilitates the acquisition 
of a power of correct and rapid calculation. 

When there are more than two numbers to be added 



SUBTRACTION. 7 

together, the method is precisely the same, but larger 
numbers have to be remembered while the addition ^^^g 
is being performed. In the following example the 2874 
mind should dwell only on the results, ' three, eleven, ^^^| 
seventeen, twenty-one, thirty, thirty-three; eight, 4053 

fifteen, twenty-four, thirty-one, thirty-seven, thirty- " 

nine ; three, four, eight, sixteen, seventeen, twenty- 
four ; six, eight, eleven, thirteen, eighteen, twenty-six.' 

AftOT adding several numbers together, it is best to try 
the addition again, beginning at the top and adding down- 
wards* If the results agree, the work is nearly certain to 
be correct. 

In Subtraction a smaller number is taken away from a 
larger, and the remainder is determined. Supposing that 
five persons are in a room, and two go away, it would be 
found that there would remain three. Hence we deduce 
the fact that two from five leaves three. Now, there are 
two ways of arriving at facts in subtraction ; either they 
may be obtained independently, as, for example, by a child, 
putting down upon paper or a slate a certain number of 
marks, then rubbing out a given part of them, and counting 
the remainder ; or they may be obtained by deducing them 
from the facts of Addition. The latter is practically the 
best. Thus, from the fact that 8 and 7 are 15, we infer 
that 7 from 15 leaves 8, and that 8 from 15 leaves 7. The 
90 elementary facts of addition furnish us with sufficient 
inferences of this kind to enable us to work out any question 
in Subtraction. Let it be required then to subtract 53 from 
8o. Here, putting the 53 under the 85, we say 3 S5 
from 5 leaves 2, 5 from 8 leaves 3. Next, to sub- ^ 
tract 243 from 527. Here, 3 from 7 leaves 4 , and 3^ 
4 from 2 gives no possible result, so that some altera- 
tion must be made in the arrangement of the num- 527 
bers before the subtraction can be performed. Let the 243 
number in the place of tens in the 527 be sup- ^^^ 
posed to be increased by the value of 1 taken away from 



8 SUBTRACTION. 

the place of hundreds. Then the 527 would be 4 hundreds 
12 tens and 7. Taking from this 2 hundreds 4 tens and 3, 
the remainder would be 2 hundreds, 8 tens, and 4, that is 
to say, 284. The plan that is practically adopted differs 
slightly from this. Instead of taking the one hundred from 
the upper number, we consider that it has to be taken away, 
and for that purpose increase the lower number to that 
extent. So that in the place of hundreds, instead of sup- 
posing the upper figure to be 4 in place of 6, we suppose 
the lower number to be 3 in place of 2. Hence a full 
account of all the process gone through would be * 3 from 
7 leaves 4, 4 from 12 leaves 8, 1 and 2 are 3, and 3 from 5 
leaves 2.' The mind, however, need only dwell on the 
results, * four, eight, two.' (Note B.) 

Since 7 and 8 are 15, and 8 from 15 leaves 7, it follows 
that the same number being first added to^ and then sub- 
tracted from another number, the latter remains unchanged, 
Hence Addition and Subtraction are contrary operations. 
The signs + called plus, and — called minus, are used to 
express these operations ; the sign -f being placed before a 
number to be added, the sign — before a number to be 
subtracted. The sign = called equals, or is equal to, is 
placed between two quantities to express the fact of their 
being equal to one another. As illustrations of the meaning 
of these signs, the following examples of their employment 
are given : — 

17 + 5 — 8 + 3-7 + 5-9 =6. 
6 + 8 + 12 + 14 = 7 + 9 + 11 + 13. 

The following are examples in Addition and Subtrac- 
tion : — 

78964 94318 

65387 285 

, 24896 4761 67891 83271 

57310 56 58427 5485 

82743 238 g^g^ 77786 

309300 u^*^ 

117503 
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Bx. 2. 

Add together the nambers — ^ 

1. 237, 45, 623, 19, and 5. 

2. 62493, 85721, 154, 718, and 98627. 

3. 57641, 92785, 36592, 81276, and 64891. 

4. 118637, 4532, 11, 917, and 472895. 

5. 26819, 597, 34, 3087, and 62859. 

6. 54831, 73649, 85726, 25963, and 78964. 
Sabtract— 

7. 394 from 811. 

8. 6785 from 9463. 

9. 2537 from 486729. 

10. 5895237 from 6000000. 

11. 8179 from 43287. 

12. 48396 from 59285. 
Find the valnes of — 

13. 7 + 9 + 14-20 + 11-19. 

14. 18-2 + 33-9-7-4. 

15. 64-32-16-8-4-2-1. 
Prove that — 

16. 8 + 10-14 + 6-11 + 20-7-14. 

17. l + 8 + 27-25«10-3 + ia-5-9. 

18. 19 + 37-51-5=29-3 + 45-71. 

The object of Multiplication is to find the sum of a 
certain number of equal numbers added together. Thus, 
o + 5+5 + 5 = 20, and hence four fives added together 
or * four times five/ as it is called, are twenty. And in this 
manner every question in multiplication might be deter- 
mined by addition. This would, however, frequently in- 
volve long and laborious calculations, and it is possible to 
avoid these by shorter methods. As in Addition and Sub- 
traction there were a number of elementary facts which 
served as the material for applying these operations to all 
numbers whatever, so in Multiplication there is a series of 
facts, commonly called the ^ Multiplication Table/ by the 
aid of which any multiplication whatever may be performed. 
Although the * Multiplication Table ' is generally given to 
children as a lesson to be learned by heart, there are strong 
reasons for considering this an injudicious praaivo.^. 

B 3 
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child IB thus taught to say 7 times 8 are 56, without Koy 
clear idea of why this should be the case, or by what means 
it was found out. It would be better that he should find 
.out each fact in the table for himself by succeaaive acts of 
addition. Thus S aud S are 10, and tberefora twice 5 
are 10 ; 10 and 5 are 15, therefore 3 times 5 are 15 ; and 
by successive additloDS of 5 are obtained 4 times 5 are 21^ 
5 times 5 are 25, 6 times 5 are 3<^ and so on. The number 
of facts required in the elementary series ia 100, carrying 
on the multiplication to 10 times 10, but as the number 12 
is often in practice required as a multiplier, the multiplica- 
tion table is, as a matter of convenience, extended beyond 
the limits of what is necessary, and includes 141 facts, 
going as far as 12 times 12. 
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MULTIPLICATION. 11 

Suppose a child to have constracted for himself correctlj 
one row of the shorter table, that is, the results of the multi« 
plication of the numbers from 1 to 10 bj some number of one 
figure. He is then able to work out examples of the multi* 
plication of any number whatever, however large, bj that 
one figure. For this purpose he will merely have to multiply 
each figure of the given number successively by the one figure, 
beginning from the left, and to carry on to the next place 
the number of tens that may occur in each of these products* 
As an instance let it be required to multiply 347 by 4. Here 
4 times 7 are 28, 8 must be put down in the place 
of units, and two carried on to the place of tens ; 4 

4 times 4 are 16, and 2 are 18, 8 must be put down 

and 1 carried ; 4 times 3 are 12, and 1 are 13. 

Examples of this kind should be given to a child until he 
is by practice thoroughly acquainted with the Multiplication 
Table, and consequently able to multiply rapidly and accu- 
rately by any number of one figure. 

Before proceeding to consider multiplication by a number 
consisting of several figures, the following particulars with 
regard to multiplication in general must be observed, 

1. The sign of multiplication is x , which is read tnto, and 
means that the numbers between which it stands are to be 
multiplied together. 

2. The number to be multiplied is called the muliiplicandy 
the number by which it is to be multiplied the multiplier ^ 
and the result of the multiplication the product 

3. In multiplication the order of the numbers multiplied 
together, or factors as they are called, is immaterial. Thus— 

5x8b8x5 7x3x9 «3x7x9 8 x4 x 5 x2 x 6»5 x6 x 4 x 8 x2 

It will be seen hereafter that this principle has some 
important applications. 

4. K a number be multiplied by another, the product by a 
third, this second product by a fourth, and so on, the final 
result) which is called the continued product^ is the same as if 
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the first number had been at once multiplied by the product 
of all the others. Thus — 

8x7x4x3sr672and 8x84s672. 

5. If a number be separately multiplied by each of several 
others, and the products added together, the result is the same 
as if the first number had been multiplied by the sum of all 
the others. Thus — 

9x3«27 9x5=45 9x7 = 63 27 + 45 + 63 = 135 
3 + 5 + 7 = 15 9x15 = 135. 

6. It will be found that the product of any number mul- 
tiplied by 10, is the same number written down with an 
additional cipher at the right hand side. Thus — 

4376 X 10=43760. 

Consequently, multiplication by 100, which is 10 x 10, may 
be performed by writing two ciphers; by 1000 by writing 
three ciphers, &c., to the right of the multiplicand. Thus— 

745 X 100 = 74500 837 x 10000=8370000 

Let it now be required to multiply a number by another 
consisting of several figures, as for instance, 8932 by 745. 
Here let the multiplier be separated into the numbers 5, 40 
and 700, and let 8932 be multiplied by each of these sepa- 
rately. 8932 X 5 = 44660 ; 8932 x 40 = 8932 x 4 
X 10, and consequently the multiplication may be effected 
by multiplying by 4 and writing one cipher at 
the right-hand side, making 357280 ; 8932 x 700 S?32 

745 

=6252400. Let the three products be added to- ^ 

gether, and the sum will be 6654340. It is usual 35728O 
to write down the multiplicand with the multi- 6252400 
plier beneath it, and under them to write the 6654340 
separate products, and under these their sum. 

As the ciphers added on to the right hand of these products 
make no difference in the addition, they may be left out; 
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provided Care is taken to place the right-hand figure of each 
product in the same position of local value as the figure in 
the multiplier which produced it. 

Thus in the annexed example, in the mul- 
tiplication by the figure 7, the first figure 4 807604 
of the product is in the place of tens of thou- 30613168 
sands, which was the place of the ?• The 45919752 
best way of ensuring that the figures are 61226336** 
placed correctly, is to take care that each 6180829232368 
right-hand figure of a product is in the same 
column with, and directly under the corresponding figure in 
the multiplier. 

Should there be ciphers in either the multiplier, the 
multiplicand, or in both, no notice need be taken of them, 
till afteir the other figures have been multiplied, when they 
may be added on to the product. The multiplicand and 
multiplier should be so placed that the first significant figuresy 
that is figures other than 0, in each are in the same column. 
The following are examples : 



32700 
38 


4531 
3790 

40779 
31717 
13593 


42300 
760 


2616 
981 

1242600 


2538 
2961 

32148000 ^ 




17172490 





If the multiplier is itself the product of several factors, the 
multiplication may be performed either by multiplying by 
these factors successively, or by the multiplier, at one opera- 
tion. Thus 47328 may be multiplied by 432 in either of 
the two following ways. 

47328 47328 

8 432 



378624 94656 

6 141984 



2271744 ^^^^^^ 

9 20445696 



20445696 
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The first of these methods is seldom employed in multi- 
plications such as those that have hitherto been given. It 
will be seen however farther on, that there are cases in which 
it shoald be used. 

Bx. 3. 

Find the vfdaes of — 

1. 6893 X 7; 7849 x 5; 86237 x 7. 

2. 32781 X 9; 57346 x 11; 98875 x 12. 

3. 957826 X 29; 78462 x 430. 

4. 83785 X 326; 947139 x 512. 
5.i 47953x1084; 62395x7009. 

6. 96327 X 59871 ; 46893 x 20508. 

Prove that — 

7. 85743x168=85743x2x7x12. 

8. 94675 X 320 =94675 x 10 x 8 x 4. 

9. Ix2x3x4x5x6x7x8x9xl0xllx 12»46080 x 10395. 

10. 4245 X 6470=3882 x 7075. 

11. 344839 X 496=330832 x 517. 

12. 2x4x6x8x10x12=2x3x4x5x6x64. 

Division is the opposite of multiplication. The object of 
Multiplication was stated to be to find ' the sum of a certain 
number of equal numbers added together. ' The object of 
Division is to find how many given equal numbers must be 
added together to produce a certain sum. How much is the 
sum of four fives added together ? is a question in Multiplication. 
How many fives must be added together to produce 20 ? is a 
question in Division. The facts contained in the Multiplication 
Table are the groundwork of the process of Division. When 
it is known that 7 x 8=56, it is also known that the number 
of eights that must be added together to produce 56 is seven, 
or in other words that 8 is contained in 56 seven times. The 
number to be divided is called the dividend; the number by 
which it is to be divided, the divisor; and the result, the 
quotient. The sign of division is either -i- placed before the 
divisor and after the dividend ; or a line placed above the 
divisor and below the dividend ; or : which is sometimes used 
instead of -h. Thus 12-h4, ^^^ 12 : 4 all mean the same 
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thing, are each equal tp 3, and may all be read 12 divided 
hy 4, 9r 12 by 4. 

It must be observed that the above definitions of multi- 
plication and division are not complete. They contain as 
much of the full meaning as it is possible to employ at this 
part of the subject. It will be seen hereafter that the signi- 
fication of these words will be extended. 

Suppose it now be required to find how often 8 is con- 
tained in 59, or, in other words, to divide 59 by 8. We 
know that 56-$- 8=7 and that 64-h8=8. Hence it follows 
that 59 -H 8 must be more than 7 and less than 8. The 
way to express this is to say that the quotient is 7 ; and that 
3, the difference between 56 and 59 has been left undivided, 
and forms what is termed the remainder. 

To divide 34967 by 6. Since 30,000^6=5,000 and 
that 36,000-t-6=^6,000, it follows that the quotient must 
be between 5,000 and 6,000. Placing 5 tberefore as the 
first left hand figure in the quotient, and^ subtracting 
30,000 from the dividend, there remains 4967 undivided. 
Now 4800-^6=800, and hence, puttipg 8 as the second 
figure in the quotient, there remains 167 to be divided ; 
12O-H6a!BB0M)y and 47-»-6 gives as quotient 7, and re- 
maindeir' tf« Hence 34967 -»-6=5827, with remainder 5. 

6 )34967 
5827 5 



)34967(5827 
80000 


6)34967(5827 
30 


4967 
4800 


49 

48 


167 
120 


16 
12 


il7 
48 


47 
42 



5 5 

The ciphers may be left out if care is taken to keep the 
figures representing tens, hundreds, &c.» in their proper 
columns all through the process, and the figures of the 
dividend may be brought down one by one as they are 
wanted. In the cases where the divisor consists of oi^<^ 
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figure only the work may be still. farther abbreviated by 
performing the multiplication and subtraction in the mind, 
without writing down the results. Thus the whole state- 
ment of the work done in the mind would be, 34 by 6 is 5 
and 4 over ; 49 by 6 is 8 and 1 over ; 16 by 6 is 2 and 4 
over ; 47 by 6 is 7 and 5 over. The work should, however, 
be performed quietly, without saying anything aloud, and 
without writing down, and afterwards rubbing out any of 
the remainders. When the divisor consists of more than one 
figure the work is generally fully expressed, as in the fol- 



59)7S3962(13287 
59 


'489)8617456(7397 
3423 


193 
177 


1944 
1467 


169 
118 


47t5 
4401 


516 
472 

442 
413 


8746 
3423 

323 
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In working out examples of this kind the following par- 
ticulars should be observed : — 

1 . The figures will, if placed at regular distances, naturally 
arrange themselves, so that the figures representing tens, 
hundreds, thousands, &c., always keep in their proper 
columns, and form straight rows in the direction of the 
length of the page. This natural arrangement should not 
be interfered with by a careless method of writing down the 
work. 

2. For each figure of the dividend brought down there 
must be a corresponding figure in the quotient. If the 
divisor is larger than the number to be divided when the 
figure is brought down, a cipher must be put in the quotient, 
and then another figure brought down. 
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3. The product of the divisor and each successive dgure 
of the quotient must never be greater than the number from 
which it is to be subtracted. If it should be so, the figure 
in the quotient is too large. 

4. The remainder after each subtraction must be less 
than the divisor. If it should not be so, the figure in the 
quotient is too small. (Note C.) 

Wherever the divisor is a number composed of several 
factors, we may either divide by the number at once, or 
by its factors in succession. Thus, if we had to divide 
8973048 by 56, it would make no difference in the result 
whether we divided by 56 at once, or by 8 and then by 7, 
or by 7 and then by 8. In each case the quotient would be 
160237. In this instance there is no remainder, but in 
general there will be a remainder, and if the dividend is 
divided by the several factors of the divisor there will be a 
series of remainders after each division, from which the total 
remainder must be deduced. As an instance, let it be re- 
quired to divide 7951 by 96, and let this division be per- 
formed in the four following ways : — 

96)7951(82 12)7951 8)7951 4)7951 



Z£i 8)^62—7-1 _^ 12)993-7*)^^ 4)1987-3 

496-1 

82-4 



-^7-| 12) 993-71 4)1987-31 

192 --'J^' ~ii-9r' 6)_496-3[79 



271 82 



79 . . 

The first method has been already fully explained. In 
the second, let the first dividend be considered as 7951 units, 
and the second as 662 twelves ; then it is clear that there 
are 6 twelves and 7 units over, and these together make 79. 
In the third there are 9 eights and 7 units over, making 79 
as before. From these instances we may deduce the follow- 
ing general rule for finding the complete remainder after 
the division of any number by another by means of , two 
factors : Multiply the second remainder by the first divisary 
and add the first remainder. In the fourth method the 



18 DIVISION. 

diyision is perfornfied by means of three factors, and there 
are three remainders. Here let the first dividend be con- 
sidered as 7951 units, the second as 1987 fours, the third as 
496 sixteens; then there are 4 sixteens, 3 fours, and 3 
units over, making together 79. Hence the rule when the 
number of factors is more than two : Multiply each remain- 
der by all the previous divisors and take the sum of these 
products^ adding in the first remainder. 

As multiplication and division are contrary operations, 
either of them furnishes a proof of the other. Thus, to prove 
an example in multiplication : Divide the product by the 
multiplier, and the quotient should be the multiplicand. To 
prove an example in division : Multiply the quotient by the 
divisor, add the remainder ^ to the product, and the result 
should be the dividend. 

Bx. ft. 

Find the values of— 

1. 71936^7-5; 82479-^8; 237842-5-6. 

2. 84135-5-12; 71182-rll; 479365 ♦-9. 

3. 68732-T-13; 85496-5-17; 124967-5-26. 

4. 837562■^47; 984673-^58. 

5. 765987-5-94; 876892 + 106. 

6. 5,843721-5-290; 632,087631+43100. 

7. 31,973266+4720; 8,124970+5673. 

8. Divide 827579 by 108, and also successiyely by 9 and by 12, 
and show that the remainder and quotient are the same in each case. 

9. Shnilarly divide 932854 by 63 and by 7 and 9. 

10. Similarly divide 8,437985 by 132 and by 11 and 12. 

11. Similarly divide 2,147952 by 168 and by 6, 4 and 7. 

12. Similarly divide 85,437894 by 480 and by 10, 12 and 4. 

13. Multiply 53729 by 229 and prove by division. 

14. Multiply 87635 by 4008 and prove by division. 

15. Multiply 96327 by 853 and prove bj division. 

16. Divide 7,864391 by 218 and prove by multiplication. 

17. Divide 8,479732 by 497 and prove by multiplication. 

18. Divide 10,573629 by 19300 and prove by multiplication. 

The processes of addition, subtraction, multiplication, and 
division have now been sufficiently explained, and the pupil 
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may be supposed able to work out any examples of them. 
But there are some considerations connected with multipli- 
cation and division which naturally come in at this part of 
the subject, and which it is especially important to notice^ 
because they point out the connection between these first 
elements of arithmetic and the higher parts of the subject to 
be considered presently. 

Let the instance already mentioned of S9 divided by 8 be 
farther considered. The question was then put in the form 
* How many times is 8 contained in 59?' and the answer 
was, * It is contained 7 times, and there is besides a remain- 
der 3 left over.* It is certain, then, that here, out of the 
given number 59, 56 has been divided by 8, and 3 has been 
left undivided. There is evidently in this something in- 
complete. Next suppose that the question were put in 
another form : ' What number would, when ihultiplied by 8, 
produce 69 ? ' The answer to this cannot be more exact at 
present than * A number greater than 7 and less than 8 ; 
and such a number we have no means of expressing.' The 
same incompleteness is found here^ and it must be con- 
sidered whether this arises from some actual impossibility 
in the question itself, or some imperfection in our mode of 
expressing results. This doubt is at once resolved by a 
reference to facts. It is evidently possible that 69 pounds 
of bread, or •69 gallons of ale, should be divided equally 
among eight people, and one share multiplied by eight, must 
be equal to the 69 pounds or 69 gallons. The difficulty, 
therefore, merely resolves itself into this, that we have, at 
present, no means of expressing the value of such a share ; 
and consequently we must, if possible, extend our powers 
of expression. Now all the considerations that have been 
stated point to one conclusion, namely, that 69 divided by 8 
is greater than 7 by a quantity that expresses the unknown 
result of dividing 3 by 8. We may therefore say that 69 
divided by 8, is equal to 7 together with 3 divided by 8, or 
expressing the result with signs instead of words, 69-r8= 
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7+(3-f-8) ; or, more shortly, 59h-8=:7+|; or, the sfgn + 
being left out, 59-f-8=7f. Here it must be distinctly un- 
derstood, that the expression 4 is put for the result of a 
process that we have no simpler means of expressing, but 
which result has a certain definite value. Such an expres- 
sion is called & fraction, the upper number being called the 
numeratovy and the lower the denominator. 

The fractions ^, ^, f , are read * one-half,' * one-fourth,' or 
* one-quarter,' and * three-fourths,' or * three-quarters.' All 
other fractions may be read in two different ways, either by 
using the word *by' to signify division, as when l^, |^, are 
called * 39 by 81,* * 53 by 97,' or by using the ordinal num- 
ber expressed by the denominator, as when I4, ^ are 
called * thirty-nine eighty-firsts,' * fifty-three ninety-sevenths.' 
The latter form is almost exclusively used in the case of 
fractions with small denominators, as |- * three-fifths,' ^ 'four- 
sevenths,' and the reasons which led to its adoption will be 
explained in a future chapter. 

Some knowledge of the nature and properties of frac- 
tions is absolutely necessary before the subject of Concrete 
Numbers can be considered, and what is sufficient for that 
purpose will be briefiy explained here, postponing the full 
consideration of fractions to an after part of the book. 

^ means the result of a division, which result cannot be 
expressed in our system of numbers. In this division 35 is 
the dividend, 72 is the divisor, and the value of the fraction 
^ is the quotient. And the laws that apply to dividends, 
divisors, and quotients, generally, must be the same whether 
the result is capable of expression as a whole number or 
not. Now, in the case of ®^, which we know is equal to 
14, we find the following facts, from which, and similar 
instances, certain laws may be deduced. 

^ = 14; ^1^ = 28, therefore multiplying the dividend 
multiplies the quotient. 

^=14 ; f 1=7, therefore multiplying the divisor divides 
the quotient. 
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^=sl4; V= 7, therefore dividiog the diridend divides 
the quotient. 

^=14 ; y =28^ therefore dividing the divisor multiplies 
the quotient. 

Consequently ^ x 2= either J^ or ®^; 

V-i-2= either || or V- 

Hence, in the case of ^, the same laws must apply, and 

^ X 6= either VV or ^, 
8J^5=either^ or t^. 
Expressing these rules generally, we have the following 
rules :— 

To multiply a fraction : Either multiply the numerator^ or 
divide the denominator. 

To divide a fraction : Either multiply the denominator^ 
or divide the numerator. 

Consequently, if both the numerator and denominator of 
a fraction are multiplied or divided by the same number, 
the value of the fraction will be unaltered. Thus — 

S _ 10 _ so — 25 _ 875 _ 55 

S ft 5o""io~~4i5~l8» 

It is evidently convenient, however, to express fractions 
in a form involving as low numbers as possible. 

Since the order of factors in multiplication is immaterial, 
that is to say, sinceSx 11 = 11 x8, it follows that ^x5= 
o X ^, and this latter must therefore be equal to |^. There- 
fore 5, when multiplied by ^, gives as product ^, that 
is to say, the quantity which would result from multiplying 
5 by 12, and dividing the product by 37. Hence to mul- 
tiply by a fraction, the rule is. Multiply by the numerator j 
and divide by the denominator. Thus, 

1780xf=5^«1068. 

As Multiplication and Division are contrary operations, 
it follows at once, from the above, that to divide by a frac- 
tion, the rule is, Multiply by the denominator^ and divide by 
the numerator. Thus — 

1068-7-f»^o = l780. 
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It is sometimes required, in the Arithmetic of Concrete 
Numbers, to determine the quotient when a number, con- 
sisting of a whole number and a fraction, is divided by a 
whole number. As an example, let it be required to divide 
8^ by 12. Now S^ is the sum of 8+^, and 8 i^ evidently 

equal to V- Hence 8|=y+|=V> and 8f-j-12=V 
-+.12 = 1^ by the rule previously given for dividing a 
fraction. And the result, |^, may be more shortly ex- 
pressed as -J^. A number consisting of a whole number 
and a fraction, is called a mixed numbery and the fraction 
to which it can be reduced must always have the numerator 
greater than the denominator. Such a fraction is termed an 
improper fraction* Mixbd numbers, consequently, can be 
reduced to improper fractions, and improper fractions to 
mixed numbers. Thus — 

or, the intermediate step being omitted, when the reason of 
the process is understood — 

Again — 

Hence the general rule for dividing a mixed number by 
a whole number will be, Reduce the mixed number to an 
improper fraction^ and divide by the whole number. 

It is better, though not absolutely necessary, to express 
the fraction in the result with as small a numerator and 
denominator as possible. 

8 7 _.1K 98 •.1*; 9S 10 

7|-rl2««/-!-12«||. 

Examples will now be given illustrating the various 
points that have been explained, namely — 

Diyision of one number by another, the complete quotient being 
generally expressed as a whole number and a fraction, as 1937 -f 32 = 
60i|; 26853-^48»559||»559^. 

Multiplication of a fraction or mixed number, aSjfxSs^sSf; ||x 
12»f-5|; i&xl6«|g=i2||=2fj 108^ x 14 « 1520^=15201. 
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Divisioii of a fraction or mixed number, as, }}-i-7«-^sS itt-^^- 
Maltiplication or division hy a fraction, as, 20 x{-i^«>15{; 13-f-§ 

8. 



1. 8763S^5{ 48036-1-9; 58374-S-8. 

2. 9617 -Ml; 34591^14; 92873-^31. 

3. 8643-1-99; 8S696-hll2; 88725-r80. 

4. Ax2;iix9; J|x8;}|x7. 

5. 2} X 12; 4^ x 20; |§ x 30; 17} x 24. 
. 3}xl08* i9«-«' oi85«,««. ^«iiw 

. f|-^8;i 

8. if-35i 

9. 111-5-7; 14^-rll; 8|-i.21 ; 10^-^63. 

10. 62}-i-100: 3}-M0; 17|-i-100; 187i-f-1000. 

11. 12xt; 24xf; 100x|; 96x^. 

12. 24 xf; 112 X I; 90-^f; 24-f||. 

13. 48-riJ?; 75-f|§; 81->.U; lOO-nff. 
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CHAPTER n. 



CONCRETE HXJIIBERS. 



A CONCRETE NUMBER has been defined to oe a number of 
things of some particular kind, as three yards, four hours, 
seren mules, &c. 

A quantity is frequently expressed by seTeral concrete 
numbers of different denominations, as, for instance, a cer- 
tain weight may be 3 tons 9 cwt. 2 qrs. 5 lb. 

The relations which subsist between the different denomi- 
nations of the same kind are to be found in the tables 
which are now giTon. 

ARITHMETICAL TABLES. 

L TIME. 
This measme depends apon the length of the mean solar day. 

60 seconds make . • • .1 minnte. 

60 minutes „ • . . .1 hour. 

24 hours „ . . .1 day. 

7 days „ . . . .1 week. 

52^ weeks or 365 days . . .1 year. 

The year is also dirided into 12 CalauUw Months of unequal length, 

April, June, and Norember containing 30 days, February haying 28, 

and all the rest 31. Eveiy fourth year is called a Leap Year, and cou- 

tains 366 days, February haying 29 instead of 28. 

4 weeks make 1 Lwunr Month, 

XL LENGTH. 
This measure depends upon the length of a pendulum yibrating 
seconds in the latitude of London. The standard is a i/ard, which is 
equal to *919792 of this length. 



3 feet „ 


. 1 yard. 


5^ yards „ . • . 


. 1 pole. 


40 poles „ . • . 


. 1 furlong. 


8 furlongs„ 


. 1 mile. 


3 miles „ . . . 


• 1 league. 
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For clotb measure a separate table is used, where — 

2| inches make . . , .1 nail. 

4 nails n • • • • 1 quarter. 

4 quarters „ . . . .1 yard. 

5 quarters „ • . . . 1 elL 

In land surveying 100 links make 1 chain, the chain being 66 feet, 
and a link consequently being 7|f inches. 80 chains arc equal to 1 mile. 

Other less important measures are-^ 

3 barleycorns make . , . .1 inch 

4 inches „ ... 1 hand 

6 feet „ ... I fathom. 

The length of the circumference of any circle is supposed to be 
divided into 360 equal parts. Each of these is called a degreb, the 
degree is divided into 60 minutes, and the minute into 60 seconds. The 
abbreviations for these three words are ° ' ", so that .5 degrees 27 minutes 
34 seconds is written 5° 27' 34". The length of a degree of any circle 
depends entirely upon the size of the circle. In the particular case of 
the earth's circumference— 

A degree of the equator =69*1 639 miles, 

A mean degree of the meridian — 69 0488 miles, 

or nearly 69| and 69^ miles respectively. 

The degrees of the meridian vary from 68702 at the equator to 69*396 
at the pole. 

A minute of the equator is also called a geographical or nautical mile. 

The table of measures of length leads directly to those of measures of 
surface and solidity, by squaring and cubing the numbers coptained in 
it respectively. 

Thus 144 square inches make I square foot 
9 square feet „ 1 square yard. 
30J square yards „ 1 square pole (or 1 perch). 

At this point the table of square measure ceases to have an analogy 
to the table of length, but continues — 

40 perches make . . . .1 rood. 
4 roods „ . • . .1 acre. 

The acre contains 4840 square yards, or 10 square chains, and 640 
acres make 1 square mile. 
In solid or cubic measure 

1728 cubic inches make . . 1 cubic foot. 
27 cubic feet „ . .1 cubic yard. 

C 



26 



CONCRETE NUMBERS. 



III. CAPACITY. 

The standard is the gallon, which contains 277 

gills make 
pints 



4 
2 
4 
2 

4 
S 
5 



»» 



*) 



»f 



»» 



274 cubic inches. 



I pint. 
1 qaart. 
1 gallon. 
1 peck. • 
1 bushel. 
1 quarter. 
1 load. 



quarts 
gallons „ 
pecks „ 
bushels 
quarters 

A barrel of beer contains 36 gallons, and a hogshead 54 gallons. 

TV. WEIGHT. 

The standard is the pound avoirdupois, which is the weight of 'one 
tenth of a gallon of distilled water, when the barometer is at SOP and 
the thermometer at 62^. The pound weight actually constructed as s 
standard, is a cylinder cf platinum nearly 1*35 inches high and 1*15 
inches in diameter. 



16 drams make 
16 ounces 
28 pounds 

4 quarters „ 
20 hundredweight 



ft 



I ounce (oz.) 

1 pound (lb.) 

1 quarter. 

1 hundredweight (cwt.) 

1 ton. 



The stone is 141b. 

For weighing gold, silver, jewels, and in philosophical experiments, 
troy weight is used, the grain troy being the seven thousandth part of 
the standard pound avoirdupois. 

24 grains make . • I pennyweight (dwt.) 
20 pennyweights make . 1 ounce. 
12 ounces „ . I pound. 

In compounding medicine, the troy grain, ounce, and pound are 
used, but the ounce is differently subdivided ; thus, 

20 grains make • . .1 scruple. 
3 scruples „ ... 1 drachm. 

8 drachms „ ... 1 ounce. 

A cubic foot of water weighs nearly J 000 ounces avoirdupois. This 
being easily remembered, and very nearly correct, will be taken as the 
weight of water in all examples in this book, unless the contrary bo 
expressly stated. 

V. VALUE. 

The standard is a gold coin called a pmnid sterling or a sovereign^ 
weighing 123*274 grains, and made of a metal containing 22 parts of 
pure gold and 2 parts of copper. 
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A shilling is defined to be a coin weighing 3 dwts. 15^ grains, or ^ of 
a lb. trojr, and made of a metal composed of 37 parts of pore silver and 
3 parts of copper. 

A penny used formerly to be a copper coin weighing ^ of a lb. avoir- 
dupois, but lately a bronze coinage has been substituted. 

The shilling and penny have a fixed value, determined by authority, 
such that 

12 pence make • • .1 shilling. 
20 shillings „ ... 1 pound. 

The abbreviations for the words pounds, shillings and pence, are 
£ 3.d. 

In order to prevent silver and copper (or bronze) coins from acquiring 
a different value from that fixed by law, it is enacted that silver is not 
a legal tender for more than 40 shillings,* nor copper (or bronze) for 
more than 12 pence. 

Tlie gold coins now in use are the sovereign and the half sovereign. 

The silver coins are the crown (5».); the half-crown (2*. 6rf.) ; the 
florin (24.)» ^^^ shilling, sixpence, fourpence, and threepence. 

The copper (or bronze) coins are the penny, halfpenny, and farthing 

A guinea, a gold coin formerly in circulation, was worth 21«. 

In each of these tables some one denomination must be 
accurately defined, and the others may then be found from it. 
The following is a brief explanation of this point. 

All our English weights and measures depend ultimately 
upon the sun's apparent motion in the heavens, and its effect 
in dividing time into days and years. From the length of 
the *mean solar day' we obtain that of an hour, a. minute, 
and a second. From this we can ascertain the length of a 
pendulum that will vibrate seconds exactly. The yard is 
defined to be in a certain proportion to this, and thus a 
43tandard measjire of length is obtained. . Having deduced 
from this inches, feet, miles, &c., square inches, square feet, 
&c., cubic inches, cubic feet, &c., We obtain a standard 
measure of capacity, the gallon, which is defined to be 
such as to contain a certain number of cubic inches. Next, 
the weight of a gallon of water at a certain temperature is 
fixed by authority as the weight of ten pounds avoirdupois, 
and thus the pound, the standard measuv^ o^ ^^\^\,,\9» 
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obtained.. From one pound weight of a metal composed of 
22 parts of gold to 2 parts of copper, a certain number of 
coins are made. One of these is called a soyereign, and 
this is the standard measure of value. 

Practically, it is found convenient to have a yard measure 
and a pound weight accurately constructed, and made of 
durable material, authorised by Parliament, and placed in 
the charge of a public officer. Should it happen, however, 
that these were lost or damaged, they could be restored by 
reference to the above definitions, although care has been 
taken to prevent such a necessity by having several copies 
of each constructed, and kept in different places. A de- 
scription of these standards, and a variety of curious and 
useful information on the subject of weights and measures, 
may be found in .any number of Dietrichsen & Hannay's 
Royal Almanack. 

When a quantity is expressed in several denominations, 
it may be reduced to one the lowest of these, by multiply- 
ing in succession by the numbers necessary to bring each 
denomination to the next lower, and adding in whatever of 
that lower denomination may have been given in the original 
expression. For example : 

Bedace 18 cwt. 3qr. 11 lb. 4oz. to drams; 

„ 8 years 13 days 6 hoars 21 sec to seconds. 



cwt. 
18 

4 


qr. 
3 


lb. 
11 


oz. 
4 


yrs. dys. hr. sec. 
8 13 6 21 
365 


75 

28 








2933 
24 


611 
150 


540480 drams. 


11738 

5866 253432821 seconds. 


2111 
16 








70398 
60 


12670 
2111 








4223880 
60 


33780 
16 








253432821 


202680 
33780 











54U480 
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When a quantity is expressed in one denomination, it may 
be brought to several djBnominations by dividing in succes- 
sion by the numbers necessary to bring each denomination 
to the next higher, and the successive remainders and 
last quotient will be the several denominations required^ 
To illustrate this, the preceding examples may be worked 
back again, the questions standing thus : 

Reduce 540480 drams to cwt.; 253432821 seconds to years. 
r 8)540480 60)25343282,1 



2) 


67560 


8) 


33780 


2) 


4222- 


7) 


2111- 


4) 


301- 


4) 


75- 



60) 422388,0 -21 



1 

1*8) 33780 r 4) 7( 

[2) 4222-4"! *• ^^ ^^^^^ " ^1 
[7) 2111-oJ 2933 - ij 



70398 - 



365)2933(8 
11 2920 



13 
18-3 

18 cwt. 3 qr. 11 lb. 4 oz. 8 yrs. 13 dys. 6 hr. m. 21 sec. 

These processes are both called Reduction, and before any 
more examples are given the following observations may be 
made. 

I. The system of weights and measures used in England 
is extremely cumbrous and inconvenient. This is owing 
to the variety of numbers used to express the relations be- 
tween different denominations. If a new system were to be 
established, there is no doubt that the most convenient one 
would be where each denomination was one-tenth part of 
that next higher. Concrete numbers would then follow the 
same law of local value as abstract numbers, and all pro- 
cesses and operations would be the same in each case. By 
this means fully one-half of the difficulties and complexities 
of arithmetic would be avoided. The inconvenience, how- 
ever, of changing what is now firmly established, has 
hitherto prevented anything being done to render our present 
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system more simple. As an instance of the advantages 
of the ' decimal system/ as it is termed, we will suppose that 
the table of money has bieen altered to the following : — Ten 
milssssone cent; ten cents=one florin; ten florin8==£l. 
The amount £137 5/?. 6c. 7m, would then be more simply 
written 137567m.; £25 8c. would be written 25080w.; 
£100 would be 100,000wi;; 7^. 6c. 5m. would be 765«i. 
Let it be required to work out the following questions :— . 

(1.) Add together the amounts jnst given, and from their sum sub- 
tract 258732 m. 

(2.) Divide 917125 m. among 29 persons. 

(3.) Relief is given to the people of a town in a time of scarcity to 
the following extent: to 1273 families of six, 1 fl. each per week; to 475 
of five, 1 fl. 2 c; to 372 of four, 1 fl. 4 c; to 367 of three, 1 fl. 6 c; to 
279 of two, 1 fl. 8 c; and to 457 single persons, 2 fl. each. What is the 
total amount expended in 11 weeks? 



(1.) 
137567 

25080 

100000 

765 

263412 
258732 

4680 
or £4 6JI. 8c. 



(2.) 
29)917125(31625 
87 



47 
29 

181 
174 



or :e31 GJI. 2c. 5m. 



72 

. 58 

145 
145 



(3.) 



(Note D.) 



1273 
600 


475 
600 


763800 


285000 


367 
480 


279 
360 


29360 

1468 


16740 
837 


176160 


100440 


457 
200 


\ 


91400 




1 Result, 


£17876 SJl. 2c. 



372 

560 

22320 
1860 

208320 
763800 
285000 
176160 
100440 
91400 

1625120 

n 

17876320 
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n. Since ^ yards = 1 pole, 30J square yards = 1 perch, 
and 2J inches = 1 nail, it is best, when possible, to avoid 
these troublesome numbers, and to pass over them, making 
220 yards = 1 furlong ; 1210 square yards = 1 rood ; and 
9^inches = 1 quarter. As, however, it is sometimes requisite 
that these numbers should be used, the following example is 
given to show how the number 5 J in 5^ yards = 1 pole is 
to be managed : — 

Reduce 18 m. 3 fur. 33 p. 2 yd. 2 ft. 7 in. to inches, and verify the 
result by reducing back to miles. 



m. f. p. yd. ft. in. 
18 3 33 2 2 7 

8 



147 11) 65048 

40 



(6) 1170877 

I 3) 195146— 11 ,« . , 
' o f ^^ inches. 



6913 1170877 inches. 



5| 



29567 



40 ) 591, 3— 5 half yards. 
8) 147 —S3 
18"— 3 



2956i 

* m. f. p. ycL ft. in. 



32523| 18 3 33 2 1 1 

3 



] 6 



97572| 
12 



18 3 33 2 2 7 



1170877 

III. In all examples where time is involved, it is espe- 
cially necessary that the question should be exactly stated. 
A year is generally considered to be 365 days, more exactly 
it would be taken as 365 J days, and even this is not per- 
fectly accurate. Sometimes, however, a year is considered 
as being 12 months ; and if there are 30 days in each, the 
year would be 360 days. Again, sometimes a year is con- 
sidered as b2 weeks of 7 days each, or 364 days. Conse- 
quently, particular care should be taken that the question 
should be so definitely stated as to leave no room for am- 
biguity. . Throughout this book, unless the contrary is ex- 
pressly stated, the year is always intended to mean 365 days. 

IV. In-the Table of Money there is in one part a different 
mode of expression from that used in all other tables. The 
lowest denomination is farthings, and 4 faT\\i\tv^^'=.\ "^^^ix^*^ 
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Now, farthings are never, or at any rate very seldom, ex- 
pressed as whole numbers, but alwf^s as fractions of a 
penny. Thus one farthing, or one-fourth of a penny, is 
written ^ ; two farthings, or one-fourth of two pence, is 
written -J-, because -^ = J ; three farthings, or one-fourth of 
three pence, is written |. In reduction, addition, subtrac- 
tion and multiplication of money it is best to consider these 
expressions, ^, ^, f , as peculiar modes of signifying one 
farthing, two farthings, three farthings, &c. In division of 
money, it is best to consider them as meaning certain frac- 
tions of a penny, because, in any quotient resulting from 
such a division, the part less than one penny is never, or at 
any rate very seldom, expressed as farthings and a fraction 
of a farthing, but as a fraction of a penny (Note E.) This 
point will be illustrated by examples presently. 

V. Sometimes the reduction from one denomination to 
another cannot be effected directly, but some third denomi- 
nation must be used as a medium between them. Thus, to 
reduce 783621 fourpences to half-crowns, it would be neces- 
sary to reduce them first to pence by multiplying by 4, and 
then to reduce the pence to half-crowns by dividing by 30. 

Before giving examples to be worked out by the pupil, a 
few are now given illustrating some of the points where 
difficulties may occur. 



fourpences to 
half-crowns. 



783621 
4 

30 )313448.4 

104482—24 
Ans. 104482 half-crowns 2s, 

13 lb. av. to troy weight. 
7000 

4) 91000 

6)_22750-0-| 
20) 3791 -4J 
12) 189 -1 
15-9 
Ans, 15'lb. 9 oz. 1 dwt. 16 gr. 



86931 
21 

86940 
173862 

5)1825560 



half-guineas 4*. 6d. to 
half-crowns. 

(adding in the nine six- 
pences in 4s. 6d.) 



365112 half-crowns. Ans, 

7 drachms, ap. weight to troy 
60 weight. 

4)420 

6)105-0 , 

' 12 



05-0-1 
17-3J 
Ans. 17 dwt. 12 gr. 
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12 )825745 square inches to perches. 

3 ) 6^812 -1-1 ,^ . , 

, > 13 inches. 

9 ) 22987 -1 J 

11 ) 2548 —5 quarter feet. 

11) 23ll7v 

2T— I ^^^^^^'^^ yards. 

perchfiB yd. ft. in. 
21 1 6 108 
1 36 
13 

21 1 8 13. Ans. 

1. £2743 38. 5(2. to pence, and 972862 farthins^s to pounds. 

2. 1648 crowns 3s. 5<L to farthings, and 30783 half-crowns and 6d!. 
to shillings. 

3. 9368540 threepences to pounds, and £4939 13«. 8^. to fourpences. 

4. 347 guineas 15«. Id to pence, and £174 13«. 7\d. to halfpence. 

5. 378521 fourpences to half-guineas, and 189557 half-guineas 
6«. 6d. to half-crowns. 

6. 83561 threepences to crowns, and £50543 6«. 6d. to half-guineas. 

7. 81795 pence to pounds, and 894715 farthings to pounds. 

8. 458631 sixpences to guineas, and 963245 farthings to florins. 

9. 24 cwt. 1 qr. 1 oz. 15 dr. to drams, and 20 tons 15 cwt. 1 oz. to 
ounces. 

10. 9854321 ounces to quarters, and 85726943 drams to tons. 

11. 98032 cwt. 1 qr. 1 stone to stones, and 635297 drams to stones. 

12. 136 lb troy. 4 oz. 3 dwt. 9 gr. to grains, and 968439 grains to 
lbs. troy. 

13. 127 dwt. to apothecaries* weight, and 28 lb. avoirdupois to troy 
weight. 

14. 70 loads 1 qr. 6 bus. 3 pks. 1 gaL to gills, and 156495 pints to 
loads. 

15. 956765 gaL 1 qt. 1 pt. to pints, and 69851 quarts to bushels. 

16. 119 miles 5 fur. 91 yd. 1 ft. 6 in. to inches, and 986547 inches 
to miles, 

17. 320 poles 5 yd. 9 in. to inches, and 106701 inches to poles. 

f)3. 127 miles 4 fur. 38 poles 2 yd. to feet, and 876325 feet to leagues. 
19. 535 sq. yd. 1 ft. 39 in. to square inches, and 762841 square 
inches to square yards. 
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20. 14 ac. 1 rd. 450 yd. 3 ft. to square feet, and S76294 square 
yards to roods. 

21. 9S6427 square inches to perches, and 5,000000 square yards to 
square miles. 

22. 185 cub. yd. 9 ft. 323 in. to cubic inches, and 9287631 cubic 
inches to cubic yards. 

23. 3 years 45 days 13 hrs. 13 min. 32 sec to seconds, and 
7496251 minutes to years. 

24. 154 weeks 1 day 14 hrs. 4 min. 5 sec. to seconds, and 89386 
minutes to days. 

The additioD, subtraction, multiplication, and division of 
concrete numbers are generally termed compound addition, 
compou9id subtraction, &c. 

To add together concrete numbers of several denomina- 
tions, begin with those of the lowest, and reduce the sum of 
each denomination to the next higher, putting down the 
remainder, if any, and carrying forward the number of the 
next higher denomination to its own column. 

Similarly in subtraction, subtract the lower number of 
each denomination beginning with the lowest from the 
upper, and when necessary borrow one from the next higher 
denomination, afterwards adding it on to the lower number 
in that denomination. 

It will be seen that the only difference between thesp and 
the addition and subtraction of ordinary numbers is, that in 
the one case there is a constantly changing scale of local 
value, and in the other case an unchanging scale of 10 
increasing towards the left. 









Examples. 












£ 


«. 


d. 




tonR 


cwt. 


qr. 


lb. 


oz. 


dr. 


18 


7 


2 




11 


3 


2 


14 


14 


9 


25 


13 


6| 




17 


13 


1 


19 


5 


15 


54 


17 


4| 




8 


11 


3 


25 


14 


10 


28 


11 


9 




23 


17 


1 


23 


11 


12 


15 


13 


n 




6 


11 





17 


8 


7 


143 


3 


5| 




15 
24 


10 
5 


3 

1 


21 
20 


9 
11 


14 
6 










107 


14 





3 


12 


9 
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lbs. troy. 


oz. 


dwt. 


gr. 


13 


6 


13 


2 


8 


4 


15 


7 


5 


1 


17 


19 



Subtraction, 

bush. 

17 
11 



pk. gal. qt. jyt. 

10 3 1 
3 12 



15 1 



1 



As in reduction, it is better, if possible, to avoid the 
denominations of poles, perches, and nails. When this 
cannot be done, the division by 5^ to reduce yards to poles 
will frequently leave as remainder some number of yards 
and a half. This half-yard should be added to the feet and 
inches, as was done in reduction. 







Examples. 










Subtraction 


• 






Addition 


■ 




poles yd. ft. 


in. 




roods 


perch. 


yd. 


ft. 


in. 


13 3 1 


4 




3 


17 


16i 


3 


41 


7 3 1 


9 




2 


30 




5 


120 


5 4i 2 


7 




6 
or. 


7 


24| 





17 


poles yd. ft. 


in. 




roods 


perch. 


yd. 


ft. 


in. 


5 5 1 


1 




6 


7 


24 


6 


125 



or. 



It may be hoticed that, owing to the complexity of these 
portions of the tables, the same result may appear in 
different forms. Thus 3 poles 5 yd. 2 ft. 8 in. and 4 poles 
yd. 1 ft. 2 in. mean the same length : 7 perches 30 yd. 
7 ft. 87 in. and 8 perches yd. 5 ft. 51 in. mean the same 
area. In either case the latter is the preferable form. 

llz.7. 

Add together: — 

1. £10 55. 3|c?., £18 19«. 2j<f.,. £34 7s. 5d, £5 Os. llfo?., and 
£16 13«. 2lf/. 

2. £18 17«. 6|(f., £21 15». 10j</., £13 17s. 5</., £42 Us, 8|rf., and 
£9 I9s. \0d, 

3. £13 15«. 9rf., £36 1I». 2|c?., £l7 19*. 4|rf., £32 Ss, 7d., and 
£84 Us. eid. 

4. £6 14«. 2|<f.,>£7 11*. 3d,, £9 4*. 2|rf., £5 19«. 10j</., and 
£2 lis. 6^, 

5. 11 tons 14cwt. 2qr. 9 lb., 3 tons 15 cwt. 1 qr. 23lb., 10 tons 
7 cwt 3 qr. 19 lb., 5 tons 13 cwt 24 lb., and 4 tons 2 cwt 1 qr. 6 lb. 



36 COMPOUND ADDITION. 

6. 3 qr. 12 lb. 1 1 oz. 9 dr., 2 qr. 21 lb. 1 5 oz. 4 dr., 3 lb. 11 oz., 1 qr. 
19 lb. 14 oz. 8 dr., and 2 qr. 7 oz. 

7. 5 lb. 3 oz. 17 dwt. 8 gr., 2 lb. 9 oz. 19 dwt. 10 gr., 7 lb. 8 oz. 4 dwt. 
22 gr., 6 lb. 5 oz. 18 dwt. 11 gr., and 3 lb. 2 oz. 17 dwt. 4 gr. 

8. 13 bus. 1 pk. 3 qt., 17 bus. 1 gal. 3 pk. 2 qt., 11 bus. 2 pk. 1 qt., 
and 5 bus. 1 gal. 3 qt. 

9. 3 Id. 2 qr. 5 bus. 6 gal., 4 Id. 3 qr. 2 bus. 5 gal., 3 Id. 4 qr. 7 bus. 
2 gal, 6 Id. 1 qr. 5 bus. 3 gal., and 7 Id. 6 bus. 

10. 5 lea. 1 mi. 6 fur. 29 po., 3 lea. 2 mi. 7 fur. 33 po., 6 lea. 1 mi. 
5 fur. 1 8 po., 4 lea. 3 fur. 20 po., and 7 lea. 1 mi. 6 fur. 9 po. 

11. 17mi. 2fur. 119yd. 1 ft., 23 mi. 5 fur. 37 yd. 2 ft., 35 mi. 3 fur. 
218 yd., 47 mi. 6 fur. 120 yd. 1 ft., and 9 mi. 5 fur. 13 yd. 

12. 3 po. 2 yd. 1 ft. 9 in., 5 po. 4 yd. 2 ft. 8 in., 6po. 3 yd. 7 in., 
4 po. 4 yd. 2 ft. 10 in., and 2 po. 1 yd. 6 in. 

13. 19 po. 2 yd. 1 ft. 11 in., 13 po. 1 yd. 8 in., 6 po. 2 ft. 9 in., 10 po. 

1 yd. 1 ft. 4 in., and 3 po. 3 yd. 1 ft. 7 in. 

14. 2 cUs 3 qr. 2 n., 4 ells 1 qr. 1 n., 5 ells 3 n., and 4 ells 2 qr. 

15. 31sq.yd. 8 ft. 109 in., 14 yd. 7 ft. 54 in., 12 yd. 6 ft. 43 in., 
8yd. 5 ft. Ill in., and 19yd. 7ft. 86 in. 

16. 13 ac 2rd. 597 yd., 25 ac. 1 rd. 153 yd., 9ac. 317 yd., 41 ac. 

2 rd. 1 125 yd., and 36 ac. 1 rd. 809 yd. 

17. 5 ac. 1 rd. 23 per. 11 yd., 6 ac. 2 rd. 9 per. 25 yd., 4 ac. 13 per. 

8 yd., 2 ac. 3 rd. 25 per. 23 yd., and 3 ac. 2 rd. 7 per. 28 yd. 

18. 37 cub. yd. 23 ft. 894 in., 61yd. 19 ft. 435 in., 13 yd. 7 ft. 
1690 in., 42 yd. 15 ft. 311 in., and 29 yd. 3 ft. 1612 in. 

19. 5yr. 71 d. 13 hr. 29 m., 3yr. 115d. 2hr. 47 m., 2yr. 296 d. 
19 hr. 53 m., 1 yr. 74 d. 15 hr. 42 m., and 4 yr. 186 d. 5 hr. 33 m. 

20. 5wk. 3d. 13 hr., 2 wk. 4d. 7h., 6wk. 5d. 18hr., 4 wk. 6d. 

9 hr., and 2 wk. 2d. 10 hr. 

Subtract: — 

21. £17 9*. 2|J. from £43 11«. d^d. 

22. £29 10s. 10|J. from £58 19*. 6d, 

23. 19 tons 18 cwt. 3 qr. 13 lb. from 23 tons 15 cwt. 2 qr. 7 lb. 

24. 1 qr. 19 lb. 8 oz. 12 dr. from 2 qr. 13 lb. 1 5 oz. 11 dr. 

25. 2 lb. 8 oz. 10 dwt. 7 gr. from 11 lb 5 oz. 3 dwt. 19 gr. 

26. 3 oz. 5 dr. 2 sc. 12 gr. from 5 oz. 3 dr. 2 sc 7 gr. 

27. 3 bus. 3 pk. 2 qt. from 5 bus. 2 pk. 1 gal. 3 qt. 

28. 5 mi. 7 fur. 200 yd. 2 ft. from 7 mi. 6 fur. 1 12 yd. 1 ft. 

29. 4 po. 5 yd. 2 ft 7 in. from 7 po. 3 yd. 1 ft. 9 in. 

30. 1 7 sq. yd. 5 ft. 96 in. from 24 sq. yd. 4 ft. 13 in. 

31. 39 ac. 3 rd. 48 per. from 53 ac 2 rd. 27 per. 
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32. 12 per. 4 yd. 3 ft. 41 in. firom 1 6 per. 3 yd. 7 ft. 93 in. 

33. 25 cub. yd. 17 ft. 809 in. from 36 cub. yd. 13 ft. 712 in. 

34. 10 yr. 233 d. 6 hr. from 17 yr. 45 d. 1 1 h. 

Subtract and prove by addition :— 

35. £9 es. 7|c?. from £15 13«. 2|</. 

36. :ei6 I4s. lOfd. from £21 11«. 7|(/. 

37. £33 155. 3|(i. from £47 8«. 9|</. 

38. £39 2*. 4|rf. from £71 11«. lOld, 

39. 12 tons 11 cwt. 1 qr. 26 lb. from 15 tons 3 cwt 2 qr. 19 lb. 

40. 8 cwt. 2 qr. 19 lb. 11 oz. from 11 cwt 1 qr. 15 lb. 2oz. 

In compound multiplication, multiply each denomination 
in succession, beginning with the lowest, and reduce tlie 
product to the next higher denomination, carrying on the 
number thus obtained, and setting down the remainder in 
its own column. 

Multiplication of this kind differs from that of abstract 
numbers only in the fact of there being a varying instead of 
a constant scale of local value. The practical effect of this 
difference is to render multiplication by numbers greater 
than 12 much more troublesome than multiplication by 
numbers less than 12, and therefore each larger multiplier 
should be replaced by several smaller. Sometimes this may 
be done by resolving the multiplier into its factors. For 
example, let the multipliers be 495 = 5x9x11 and 
448 = 8 X 8 X 7. 



miles 


fur. 


yd. 


ft. 


7 


3 


82 


1 
5 


37 





191 


2 
9 


333 


7 


165 



11 



3673 



55 



acres roods perches 
3 1 17 

8 



26 


3 


16 


♦ 




8 


214 


3 


8 

7 



1503 



16 



If the number is not one that can be separated into small 
factors, but is a little greater or less than one that can be so 
separated, this latter may be taken as the multiplier, and 
the difference multiplied into the multiplicand added to or 



df^ COUPDUKD iniLTIFISOAnaS. 

snbtTBcted :&am the prodnct. TDnis, in ^le cises of 371 = 

(11 K 11 X S) -f ^ and S27= (11 X 12 X 4) — 1. 

qr. It. <c £ «. dL 

11 11 







S 


15 


5 


ttniF 








11 


S 


4 


S 


c 


< 


9 


14 


1 


1 


5 




4 


1 


s 


€> 



IB 


fi 


2| 
IS 


282 


IS 


€ 
4 


931 
1 


14 
15 


O 


929 

naihBr 


16 

-tol 





S IS 2 4 IS 

Snpposiiig that 12 is the largest unmbBr to be used as a 
multiplier at one operatimi, the mel^iod just stated will be 
^eneral^ sufBcicDl. In fac^ aH nnmbers, as £ar as 1420 
inclusive, maj be replaced by a set of imillitpliere each not 
greater than 12, airanged as in the enramples given, that is 
to say, all bnt one being nsed as eonlanned TnnltipKcrg, and 
the prodoct of the last and the mnltqiiBeand being either 
added or subtracted at the end. And, by proper amnge- 
ment of icnlt^iBers. each not greatsrl^UEn 12, mnlliplieation 
hy anj nmnber wbaterer may be effected in a soBiewhit 
finulKr ntanner. The tronble and diffieol^ of makiiig 
ihesB ammgements of mnlcipiierB maj, bowe^'tery be avrnded 
hj using a method which, thongb generaJly loii^er, is moch 
nKxre simple. For erample, let it be Teqini«d to Biiiltiplj 
Ifj 1427. Mnltiplj by 10, and 10, and 10, tbis will give 
three lines of figures, eqnal to 10 limes, 100 tames, and 1000 
times the multiplicand respectirely* Hie soon, tberefbre, 
of (1 X third line) + (4 x second) 4- (2 x first) + (7 X 
mnltajdieand) will be the prodnct peqniTed. As an example, 
mnltiplj 7 dwt. 2 gr. by 1427. Tbis is mer^ ^"^^n^ u •» 
iUnstration of the method just explained. It woold be a 
tborter and eaoer plan to reduce the 7 dwt. 2 gr. to grains, 
and after nniltipljing by 1427, reduce to dwto^ oonees, 
and pounds. The question is bene woriced out in both 
wajfc 
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dwt. gr. 
7 2x7 
10 

08. . 

3 10 20 X 2 



lb. — 
2 11 



10 



8 



8x4 
10 



29 
11 



6 
9 

7 
2 



3 
13 

1 
9 



8 X 1 

8 
16 
14 



42 



7 22 



dwt. gr. 
7 2 
24 



170 



{■ 



1427 
170 

99890 
1427 

2)242590 



2 ) 2021 5- 10 Kg 
20 ) 1010,7 - iJ 
12) 



505- 7 
42- 1 



lb. 
42 



oz. dwt. 
1 7 



gr. 
22 



n all cases judgment must be exercised, whether to 
uce to one denomination or not before multiplying. It 
1 be seen, further on in this book, that the above question, 
yell as most of the questions in Compound Multiplication, 
y be still more shortly worked out by a process called 
•actice.* 



£5 lis, did. x9. 

£15 28. l^d. xll. 

13 cwt 1 qr. 11 lb. 9 oz. x 5. 

16 mi. 7 fur. 151 yd. 2 ft. x 8. 

i£l7 134. 4^. x25. 

3 Id. 1 qr. 5 bus. x 63. 

£3 19«. 5ld, X 93. 

3qr. 11 lb. 15 oz. x 69 

5 ac. 2 rd. 26 per. x 1080. 

171b. ay. 11 oz. xll37. 



Find the values of: — 

£S IBs, S^d, X 6. 2. 

£U ISs. 8|</. x7. 4. 

1^23 78. 1)d. X 12. 6. 

6 lb. 4 oz. 11 dwt. 19 gr. X 4. 8. 

3 po. 2 yd. 1 ft. X 4. 10. 
:£39 2«. 11|<2. x28. 12. 

4 yr. 153 d. 6 h. 19 m. x 84. 14. 
£2 17«. 8i<;. X 125. 16. 
3 sq. yd. 7 ft. 92 in. % 83. 18. 
£0 15«. 3^. x328. 20. 

Prove that: — 

£33 165. 6rf. X 91 «£36 12*. 10|J. x 84. 
£3 3*. 4^. X 1 100rs£5 19«. 2d, x 585. 
2 qr. 5 oz. x 345» 1 qr. 21 lb. 11 oz x 391. 
2 mi. 5 fur. 7.3 yd. x 713 « 3 mi. 1 fur. 181 yd. x 589. 
1 yr. 210 d. 3 hr. x 629 = 1 yr. 129 d. 21 hr. x 731. 
199 yd. 2 ft. 6 in. x 689«1 fur. 2 po. 5 yd. 6 in. x 583. 
£3 15«. 3(i x2527=£5 19*. Ifrf. x 1596. 
8 hr. 57 m. 51 sec. x 2419»11 hr. 51 m. 21 sec x 1829. 

[Compound Division, by a divisor not greater than 12, 
y be performed at one operation, by divldm^ ^M^t^^^w*^-^ 
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each denomination, beginning with the highest, setting down 
the quotient, reducing the remainder to the next lower 
denomination, and carrying forward the number so pbtamed. 
In division of monej it will often occur that there are 
farthings, or fractions of a penny. In the cases of other 
concrete quantities also, there may be a fraction of the 
lowest denomination in the dividend. The method of treating 
such fractions has already been explained. (See p. 22,) 



& 

6)18 



8. 

17 



d. 

3 



9| 



11^ 



tons cwt. 
8)18 3 



qr. 
3 



lb. 
7 



1 25 



oz. 
6 



If the divisor be greater than 12, but can be separated 
into factors each not greater than 12, then the division 
can be performed by means of two or more short divisions 
of the kind just given. 



3)26 


8. 

14 


d. 
9|-r 18 


6) 8 


18 


H 


1 


9 


Ql9 

°36 



miles fur. yd. 
10)7 2 25 

6) 5 178 


ft. 

1 


in. + 480 
6 


8) 213 





3 



26 1 10| 

K the divisor be greater than 12, but cannot be separated 
into small factors, the method is the same in principle with 
that used in other cases, but the form of the work is similar 
to that of long division of abstract numbers. 

d. 



& 8. d. £ 8. 
29)721 14 9i (24 17 
58 

141 
116 

25 
20 

514 
29 

224 
203 

2L 
12 

261 
261 



9^ 



?8 



days hr. m. s. 
17)47 10 51 17 ( 

13 
24 



2 18 59 29^ 



322 

17 

152 
136 

16 
60 

1011 
85 

161 
153 

8 



8 
60 

497 
34 

157 
153 
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If the divisor be 100, 1000, 10,000, &c., the division at 
each stage of the process may be most quickly performed 
by cutting off two, three, or four figures to the right. 



£ 

12,73 
20 

14,69 
12 

8,34 



9 6i -r 100 
34j-i|I 



^12 14 SifJ 



tons cwt. 


qr. 


lb. oz. 




3)24 
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3 


20 9 


■^3000 


8 
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16 3 




20 










160 
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642 
28 

5152 






lb. oz. 
17 14 


14 


1284 










17,992 
16 










5955 










992 










14,875 
16 










5250 










875 











14,000 



llz.9. 

Find the values of: — 

1. £31 5*. 7|rf.-r6. 2. 

3. £7S2s,S\d,-i-9. 4. 

5. £93 15«. 7rf.-rlO. 6. 

7. £23 58, 9d.-i-S. 8. 

9. 3 cwt. 1 qr. 2 lbs. 3 oz. -r7. 10. 

11. 5qr. 6lb. lloz.-r9. 12. 

13. £147 I3s. 6^.^-48. 14. 

15. £142 8«. 4fd-^35. 16. 

17. 15yd. 2 ft lin.-r77. 18. 

19. £137 16«. 5</.+31. 20. 

21. £679 16«. 8|ci.-^47. 22. 

23. 46yrs. 40 d. 10 h. 53 m. 24. 

51 sec. —297. 26. 
25. £36 18«. 6id.-rlO. 

27. £1723 18«. 95J. -f. 100. 28. 

29. £628 U. 9J<f.-^1000. 30. 



£52 IBs. 2d,^S. 

£87 12«. 5j</.-J-ll. 

£15 19«. 2|</. + 7. 

£16 13*. ll|<f.-J-12. 

16 lb. 7oz. 13dwt. 13gr.-f-5. 

37 mi. 3 fur. 190 yd. lft.-^12 

£235 165. l|dl4-24. 

2 tons 5 cwt 3 qr. 7 lb. -r 64. 

32 lb. 5oz. 5dwt.-r240. 

£249 3«. 8|</.•^19. 

19 bus. 5 gal. 1 qt-r37. 

673 sq. yd. 7 ft. 136 in. + 09. 

171 cub. yd. 13 ft. 1260 in. 

-rlOO. 
£272 16«. 3d+400. 
£7795 18«.-r5000. 
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It has now been explained how concrete nnmbers nifty be 
added together, or one sabtracted from another, and how 
they may be either multiplied or divided by abstract numberB. 

A question now arises with respect to the meaning to be 
attached to multiplication and division by concrete nnmbers. 
Suppose first the case of an abstract multiplied by a concrete 
number, as for instance 7 multiplied by 8 feet. If our first 
idea of multiplication be adhered to, this would mean a number 
of sevens added together, such number being equal to 8 feet, and 
this meaning is utterly unintelligible. Bat it has been stated 
that the full meaning of the words multiplication and division 
could not at first be given, and we shall find that this case of 
7 multiplied by 8 feet leads to a sound and advantageous 
extension of their signification. In abstract numbers we 
found it was universally true that the order of the factors 
was immaterial, so that 7 times 9 and 9 times 7 were each 
equal to the same number, 63. If this law were extended to 
the present case, 7 multiplied by 8 feet ought to be the same 
as 8 feet multiplied by 7, and we know that the latter is 56 
feet. It is clear, therefore, that we cannot adhere both to our 
original definition of multiplication, and to the law that the 
order of the factors is immaterial. From the definition it 
follows that 7x8 feet has no meaning, and from the law it 
follows that 7x8 feet means 56 feet. Being thus obliged 
to abandon one or the other, it is better to abandon the 
definition, and extend our meaning of the word multiplication 
so as to retain the universal application of the law. 

Again, in abstract numbers, it was alaw thatmultiplicatioti 
and division were contrary operations ; that is, that a number 
multiplied and the product then divided by the same number 
would remain unchanged. Thus 11 x 12 = 132 and 132 
-i- 12 = 11. If this law be extended, we Should have 7 
multiplied by 8 feet = 56 feet, and therefore 56 feet, divided 
by 8 feet, must be 7. Hence an abstract number may be 
multiplied by a concrete number, giving a concrete number 
in the product, and a concrete number may be divided by a 
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concrete snaiber of the same kiad, giriag an abstract nnmber 
ia the qaotient. Before such a division can be performed, 
both qnan titles mast be expressed in the same denomination ; 
thus £1 Sa. 2d. -f- 2». 2d. = 338d. -t- 26d. = 13. There 
remains next the case of the multiplication of tiro concrete 
nnmhen together ; as for instaDce, 8 shillings by 9 shillings, 
and to such a multiplication no meaning can ia general be 
aesigoed. 

In the case however where the concrete uambers express 
length, as for instance, 4 feet x 5 feet, a meaning ma; be 
given to the product. It is true that arithmetic, or the 
science of number, cannot determine this meaning, but 
Geometry; or the science of space, 
does determine it. It is a geome- 
trical fact that if there be an 
oblong figure the sides of which 
are a certain number of feet or 
inches in length, and if from the 
points of division into feet or 
inch^ lines he drawn parallels to 
the sides, then the oblong will be by these lines divided 
into a nnmber of squares, the sides of which will be 
one foot or one inch in length. From arithmetical con- 
siderations, it may be seen that the number of the squares 
must be the product of the numbers of feet and incliea in the 
two sides of the oblong. Hence, combining the geometrical 
and arithmetical facts together, and calling a square whose 
side is 1 foot or 1 inch a square foot or 
a square inch respectively, it follows 
that 4 feet multiplied by 5 feet may 
be interpreted to mean 20 square 
feet. 

The above reasoning may be car- 
ried one step farther. Let there be a number of cubical 
blocks of wood, measuring one foot each way. And sup- 
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pose that these, placed close together and piled upon one 
another, form a large block 4 feet wide, 5 feet long and 
3 feet high. There are then evidently three layers, each 
of which contains 4 x 5, or 20 blocks. Therefore there 
must be altogether 3 x 20, or 60 blocks. And as each is 
one cubic foot, that is, measures one foot in each of three 
directions, it follows that 3 feet x 4 feet x 5 feet may be 
interpreted to mean 60 cubic feet. 

Since 1 foot =12 inches, I foot x 1 foot, or 1 square fo9t, 
must be equal to 12 inches x 12 inches or 144 square 
inches, and 1 foot x 1 foot x 1 foot, or a cubic foot, must 
be equal to 12 x 12 x 12, or 1728 cubic inches. Similarly 
as 1 yard = 3 feet, a square yard = 9 square feet, and a 
cubic yard = 27 cubic, feet. In this manner the tables of 
square and cubic measure depend upon the table of measures 
of length. 

The following examples are instances of the application 
of the above principles : — 

Find the area of a room 27 ft. 5 in. long and 14 ft. 3 in. wide. 



ft. 

27 
12 


in. 
5 


ft. in. 
14 3 
12 


329 
171 




171 


329 
2303 
329 


s}^^ 




)56259 




2)4688 
9)390 
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Area ss 43 sq. yd. 3 sq. ft. 99 sq. in. 

How many square yards of paper would be required for a room 17 ft. 
Sin. long, lift. 2 in. wide, and 10ft. 4 in. high ? 

Here the area of one of the longer walls will bclO ft. 4 in. x 17 ft. 8 in. ; 
and the area of one of the shorter will be 10 ft. 4 in. x 1 1 ft. 2 in., and 
consequently the area of the four walls will be 10 ft. 4 in. x twice the 
sum of 17 ft. 8 in. and 11 ft. 2 in. 



ft. 


in. 


ft. 


17 


8 


10 


11 
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12 


28 


10 


124 
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692 


57 
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248 


12 
i92 




1116 
744 
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12 )85808 

^ 12) 7150 81 

—, }l28 

9 )595 10 J 

66 1 

sq. yd. sq. ft. sq. in. 
Quantity of paper —66 1 128 



85808 



How manj cubic yards of earth should be taken from a portion of a 
railway cutting 75 yards in length, the cutting being 33 ft in width at 
the bottom, and 57 ft. at the top, and being 24 ft. deep ? 

The ayer^e width of the cutting will be half the sum of 33 and 57, 
or 45 ft, and the area of a section of the cutting will be 45 ft. x 24 ft., or 
1080 square feet, which is 120 square yards. Hence the number of 
cubic yards in the portion of the cutting will be 120 sq. yds. x 75 yd8.« 
9000 cubic yards. 

The freight on goods being 36«. per ton measurement, a ton being 
40 cubic feet, and all fractions of a ton less than \ ton being charged 
as i ton, what would be the freight on six packages 5 ft 7 in. long, 
3 ft 4 in. wide, 2 ft 8 in. deep? 

ft. in. in. 

5 7 = 67 3fb. 4in.«40in. 2 ft. 8 in. =» 32 in. 

32 
— 12 )514560 

201 12)42880-0 



'-"1 
2144 12)3573-4 }. 1344 

40 40)297 -9 J 



85760 7—17 

6 



514560 



The space occupied is therefore 7 tons measurement, and 17 ft 
1344 in., which will be charged as 7|tons, and 7Jx S6*.=270*., or 
£13 10*. • 

As length x length gives superficial area, and length x 
length X length gives cubical content, it must follow, from 
the relation of multiplication to division, that cubical 
content -4- area gives length, cubical content -*- length gives 
area, and that area-t-length gives length. 
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A raerroir hms an araa^ arva of a quarter of an acre, and in 
making it, (here were taken oot 1315 cnbic jards of earth. What is 
ita areiage depth? 

Here a qoarter of an acTe:=13108q. jd. and 1815 cnhLJd.-^ 1210 
sq. jd. = 1 jd. 1 ft. 6 in. = depth. 

A room contains 2730 cnbic feet of air, and is 13 feet high. How 
manj square jards of carpet will be reqnired lor the floor? 

2730cnb.ft.-=-13ft.==210sq.ft.=238q.jd. 3 ft. 

If a street a mile long cover three acres of groond, how many feet 
is it wide? 

Here 3 acres =1 4520 sq.jd. and ImL^irsOyd. 

And 14520 eq. yd. -5-1760 yd.=8jd. Oft 9 in. =^24 ft. 9 in. 

110 )1452,0 
4U32 
4)33 

8^yd.^8yd.0ft.9in. 

MaDj qaestions in arithmetic, inyolviog the multiplica- 
tion of length bj length, or the division of area or cubical 
space by length, are most easilj worked out by fractions, 
and therefore the above and following instances are given 
more for the purpose of illustrating principles than of 
showing the best methods of working the questions pro^ 
posed. 

BZ.10. 

Find the values of: — 
1. £l 13*. 4<i-r6*. S<L 2. £5 0*. 9«/.-r7*. 9<f. 

3. ^211 2*. 0|(i-T-£4 18*. 2i</. 4. £445 6*. 7|d-r£5 9*. ll|<i 
5. 13cwt. 1 qr. 25 lb. 2 oz. 6. 70 d. 4 h. 44 m. 5sec.-r 
11 dr.-r 13 lb. 5 oz. 11 dr. lib. 18 m. 25 sec. 

7. Divide the sum of 8 cwt 1 qr. 3 lb. and 4 cwt 19 lb. by the 
difference between 4 cwt. 2 qr. 15 lb. and 3 cwt. 3 qr. 17 lb. 

8. Multiply the product of 18 and 27 oz. avoirdupois by the quotient 
of 8 acres 1 rood -7- 2 roods 8 poles. 

Find the values of: — 

9. 8ft.5in.x3ft.7in. 10. 11 ft. 6 in. x 14 ft. 5 in. 
11. 13 ft. 2 in. X lift. 1 in. 12. 17ft. 3 in. x 25 ft. 7 in. 
13. 26 ft. 5 in. X 13 ft. 7 in. 14. 42 ft. 3 in. x 11 ft. 7 in. 

1 5. 26 sq. yd. 5 ft. 109 in. -=- 1 6. 4 sq. yd. 3 ft. 72 in. 4-2 yd. 7 in. 
2 ft. 1 in. 
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1 7. 68 sq. yd. 4 ft. 99 in. +5 yd. 1 8. 1 73 sq. yd. 4 ft. 56 in. h- 14 yd. 

2 ft. 3 in. 7 in. 

19. 3ft. 7in x8ft. 4in.x2ft. 20. 15 ft. 7 in. x 9 ft. 5 in. x 8ft. 

9 in. 7 in. 

21. The floor of a room is 18ft. 6 in. long, and 13 ft. 6 in. wide. 
What is its area, and what length of carpet 2 ft. 3 in. wide would be 
required to cover it? 

22. A room is 23 ft. 1 in. long, 17ft. 5 in. broad, and 12 ft. 2 in. 
high. What will be the total cost of paper for the walls at 2^., oil- 
cloth for the floor at is. 9(/., and whitewash for the ceiling at \d, per 
sqnare yard, any fraction of a square yard being in each case charged as 
a square yard? 

23. If railway sleepers are 5 ft. long, 4| in. broad, and 3| in. thick, 
how many cubic feet of wood are there in every hundred of them? 

24. What is the depth of a trench 2 ft. 4 in. broad, if in making 
18 chains of it there are taken out 154 cubic yards of earth? 
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1. Multiply 93747 by 829 and divide 599497 by 487. 

2. Add together £S 2*. 3\d., £\0 Us. 7|</., £6 Os. 1|</., £15 78. 2^.; 
and 3cwt. 2qr. 6 lb. 9oz., 4cwt. 3qr. 15 lbs. 7oz., 6cwt. Iqr. 23lb. 
14 oz., 8 cwt. 2 qr. 16 lb. 9 oz. ' 

3. Divide£l311 18«. 9|<f. by 17. 

4. Divide 17 acres 2 roods of land equally among 22 persons. 

5. How many minutes of time are there between 20 minutes past 
4 P.M. August 27th, and 13 minutes before 6 a.m. November 7th of 
the same year ? 

6. Multiply 827963 by 347, and divide 769437 by 229. 

7. Eeduce £12 10^. Sd. to fourpenny pieces, and 14352 guineas to 
half-crowns. 

8. A man drinks one quart of beer, and his wife one pint every day, 
and each one of five children drinks on an average half a pint twice a 
week. What is the weekly consumption of beer, how much does it 
average daily, and how long would it take them to finish a cask con- 
taining 9 gallons 3 quarts ? , 

9. Find the value of 127 yards of calico at 4|ef. per yard. 

10. The divisor being 872, the quotient 1134, and the remainder 
663, find the dividend. 

11. A piece of ground containing 19 acres 2 roods 27 perches 
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241 ^rards is to be divided into allotments, each containing 1 rood 
1 1 perches 18^ yards. How manj will there be ? 

12. If a bale of wool containing 4cwt. 2qr. 20 lb. sell for 
£63 15«. 6d, how much is that per lb.? 

13. What is the area of a room 16 ft. 6 in. long, and 10 ft. 3 io. 
broad, and what length of carpet 27 in. yride would be required for it? 

14. Beduce 3 tons 7cwt 11 lb. to ounces, and 7843291 seconds 
to weeks. 

15. Multiply £13 15*. 2|dl by 35, and divide £816 15«. 7^. by 59. 

16. A number is multiplied by 4, 8 is added to the product, and the 
sum being divided by 12 gives as a quotient 3. Find the number. 

17. A watch is set right at noon on the 9th of August. If it is 15^ 
minutes too fast at 6 P.1L on the 1st of September, how many seconds 
has it gained per day ? 

IB. Two men at 5s. and a boy at 2«. 6dL a day were employed in 
putting up the framework of a wooden house, in which were used 1200 ft 
of timber at 23s. per hundred feet, and 1201b. of nails and bolts 
at an average price of 2|<£. per lb. The total cost being £21 6^., find 
how long they took to do the work. 

19. If a man walk at the rate of 1 10 yards a minute, and for 4 hoars 
a day, how many miles will he go in 27 days? 

20. Find the difference between the value of a million farthings and 
209 five pound notes. 

21. Beduce 8974 grains troy to lbs., and 67893 pints to loads. 

22. What will it cost to paper a room 18 ft. 6 in. long, 13ft. 9 in. 
broad, and 10 ft. 6 in. high, with paper 27 in. wide, at 4|^. per yard ? 

23. Beduce 763254 drams to tons, and 213762975 seconds to years. 

24. Multiply £25 2s, ItL by 36, and divide the product by 75. 

25. A lady buys velvet at 9s. 4</., and half as much silk at 4s. 10|(/., 
and altogether spends £8 4s. d^tL How much of each does she buy? 

26. Find the number of acres in a square space each side of which 
is 700 feet. 

27. A wine merchant mixes 100 gallons of sherry at I4s. with 
30 gallons at 20s, At what price must he sell the mixture so as to gain 
6s. on every £1 of his outlay? 

28. What is the value of 7 boxes of tea, each containing 14 lb. 
12 oz. at 3s. 2d. per lb.? 

29. To each of several poor men is given at Christmas a purse con- 
taining a sovereign, a crown, a shilling, a sixpence, a penny, a half- 
penny, and a farthing. The whole amount paid being £30 I2s. 10|</., 
what was the number of poor men ? 

30. The water in a mill-lead has an uniform width of 15 and depth 
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of 3| inches. If it flows .at the rate of Ij miles an hour, how many 
gallons will be discharged in a day, 10 gallons being taken to contain 
2772 cubic inches ? 

31. Divide £36 4*. 3d. among 4 persons, so that the first may have 
£2 5s, 3d, more than the second, the second £3 Is. 4d, more than the 
third, and the third £2 128. 6cL more than the fourth. 

32. A book contains 232 pages of 36 lines, consisting on the average 
of 14 words each. How long would it take a man to make a copy of 
it, supposing he could write in an hour 112 lines of 12 words each, and 
worked 6 hours a day ? 

33. Multiply £18 13s, 4|<f. by 13, and divide the product by 29. 

34. If a gentleman can save £27 out of every £100 he receives, and 
in 3 years he has thus saved £425 5s,, bow much has he spent per day 
during this period ? 

35. Reduce 2 acres 1 rood 17 perches 3 yards to square feet 

36. Divide £25 I6s. 0\d. among 10 men and 11 women, giving each 
man twice as much as each woman. 

37. Find the number of ells in 645 poles, and the number of ounces 
avoirdupois in 875 dwts. troy. 

38. What will be the expense of papering a room 19 ft. 4 in. long, 
16 fL 8 in. broad, and 12 ft. high, with paper a yard wide, and costing 
I6d, per piece of 12 yards? 

39. Sound travels at the rate of 1140 feet per second. What interval 
of time will there be between the flash and report of a gun fired 2| 
miles off? 

40. Multiply 17 c\^t. 1 qr. 12 lb. 9 oz. 13 dr. by 28. 

41. The wards of a hospital are 12 feet high, allowing 600 cubic 
feet of air to each patient, and 500 yards of matting 3 feet 6 inches wide 
are laid down between the beds, altogether covering a quarter of the 
floor. Find bow many patients the hospital can accommodate. 

42. A gentleman living in London, where there is no Sunday post, 
spends on the average Is. 3d. per day on postage. What does he 
spend in this way in 28 years, regard being had to Leap years ? 

43. A spirit merchant mixes brandy at 24s. per gallon, with 12 
gallons of inferior spirit at 8*. If he gains £15 18*. by selling the mixture 
at 26s. 4d, per gallon, find what was the original quantity of brandy. 

44. The first of three partners in business receives a share half as 
much again as that of the second, and twice that of the third. How 
should £1300 be divided between them ? 

45. If goods are bought at £3 3s, per cwt.', and the cost of carriage 
is £l 5s. per ton, and they are sold at Sd. per lb., what is the profit on 
each quarter? 

D 
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46. A num burs 126 doses of applet, ptftif mft SdL and partlj at id, 
a dooen. He aells tbem all lor jC2 ISc 6dL and finds that he has gained 
at the rate of 10^ pa* 6 doKo. How manr are thereof each kind? 

47. On the Metropolitan Bailwaj, trains mn eadi waj erery quarter 
of an hour, from 6 a m. to 12 p.m. Supposing the aTerage nnmber of 
passengers to be 150, and the aTerage fare paid 3|dL, what wonld be the 
weeklj receipts? 

48. Sopposing 10 gallons to contain 2773 cnbic inches, how many 
gallons of beer would there be ontiie cooling floor of a brewery 22 jarcU 
long and 7 yards broad, if the depth of beer were 2| inches? 

49. After paying income tax at the rate of 7dL in the :£ a gentle- 
man has £533 19«;. 2dL remaining, what amoont ci tax did he pay? 

50. What is the area of a graTd walk 4 ft. 8 in. wide, which encloses 
a grassplot 80 yards long and 35 yards broad ? 
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CHAPTER III. 

ABSTRACT NUMBERS CONTINUED, AND FRACTIONS. 

In Chapter I. Abstract Numbers were sufficiently treated 
of to render their first applications to practical purposes 
intelligible, and these first applications were contained in 
Chapter EL It is now necessary to return to the subject of 
Abstract Numbers, and to consider some of their properties 
which have not hitherto been explained, but which must 
be understood before the more advanced parts of Arithmetic, 
and especially the nature and use of fractions, can be pro- 
ceeded with. 

Taking as an instance the number 1425, it has been 
ah'eady shown how it should be expressed either in words 
or figures, what is signified by each of the figures composing 
the number, and how it may be either added to or subtracted 
from another number, or used to multiply or divide any 
numerical quantity, abstract or concrete. But there is 
something more that may be known about it. Let it be 
divided by 5, then 1425-*-5=285, or 1425=5x285. Let 
285 be divided by 5, then 285=5 x 57. Let 57 be divided 
by 3, then 57=3 x 19. Combining these results, we should 
have 1425=5 x 5 x 3 x 19, and thus four factors have been 
found whose product=1425. It is not every number that 
can be so separated into factors ; some are not divisible by 
any numbers except themselves and unity, and such are 
called prime numbers. Thus 23, 41, 59, are prime numbers. 
Those numbers, on the other hand, that can be separated 
into factors, are called composite numbers, and any compo- 
site number may be called a multiple of any of its factors. 

d2 
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Thus 28 is a composite number, and a multiple of 4, 7, and 
14. To separate a number into as many factors as possible, 
care must be taken that none of the factors are themselves 
composite numbers, and the number is then said to be 
separated into its prime factors. This process is very use- 
ful, because by its aid calculation is frequently shortened to 
a very considerable extent, at the same time, it is not abso- 
lutely necessary, inasmuch as all operations might be per- 
formed without reference to it, the work being, indeed, 
often excessively long and cumbersome, in place of short 
and easy, but nevertheless being quite certain and accurate. 
It may be observed also, that there is no general rule known, 
by which any number may be separated into its factors. 
Practically, however, though a perfect knowledge of this 
subject is perhaps impossible, enough is known, and can be 
made the subject of rules and processes, which are true as 
far as they go, to afford us nearly the same advantages as 
would result from our knowing it thoroughly. 

It is always easy to determine whether any number is 
divisible without remainder by any of the numbers from 2 
to 12 inclusive, with the exception of 7. The following 
are the rules for this purpose : — 

I. A number is divisible by 2, if the last figure is divi- 
sible by 2. Thus 87624 is divisible by 2, because 4 is. 
Any number divisible by 2 is termed an even numb&Ty and 
a number not so divisible is called an odd number. 

II. A number is divisible by 4 or 8, if the number formed 
by the last two or last three figures respectively is divisible 
by 4 or 8. Thus 87624 is divisible by 4, because 24 is 
divisible by 4. And 87624 is divisible by 8, because 624 
is divisible by 8. 

III. The figures composing a number are called its digits, 
A number is divisible by 3 or 9, if the sum of its digits is 
divisible by 3 or 9. Thus 87624 is divisible by either 3 or 
9, the sum of its digits being 27. And 73842 is divisible 
by 3, but not by 9, the sum of the digits being 24. 
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IV. A number is divisible by 5, if the last digit is 5 
orO. 

V. A number is divisible by 11, if the sum of the first, 
third, fifth, &c. digits is either equal to the sum of the 
second, fourth, sixth, &c. digits, or if the difference between 
these two sums is 11, or a multiple of 11. Thus 37598 is 
divisible by 11, the sum of 3, 5, and 8 being 16, and that 
of 7 and 9 being also 16. Again, 49281705 is divisible by 
11, the sum of the first, third, &c. or odd digits being 7, 
and the sum of the even digits being 29, the difference of 
these sums being consequently 22. 

By means of these rules, all the factors of a number not 
greater than 12 may be discovered, with the exception of 7, 
the rule respecting that number being too complicated to be 
of much service. (Note F.) A number will obviously be 
divisible by 6, if it is divisible by both 3 and 2 ; it will be 
divisible by 12, if by both 3 and 4, and by .10 if the last 
digi^ is 0. 

As an example of separating a number into its factors, 
let 1441440 be the number. One method of proceeding 
will be to see first whether 2, 4, or 8 will divide it. It 
appears that 8 will, since 440 is divisible by 8. The quo- 
tient is 180180, which is divisible by 4, but not by 8, giving 
as quotient 45045. Adding the digits together, we find 
that 9 divides this, giving 5005. As the sum of the digits 
of 5005 is 10, neither 3 nor 9 will divide it, and a new 
number must be tried. 5 obviously is a factor giving as 
quotient 1001. Next, as the sums of the odd and even 
digits are equal, 11 divides this, giving as quotient 91. 
Lastly, 7 must be tried, and 91-r-7 = 13. Hence the number 
has been separated into its factors, and 1441440 = 
8x4x9x5x11x7x13. Of these factors 8, 4, and 9 are 
themselves composite numbers^ that is, the product of cer- 
tain factors, 8=2 x2x2 -, 4i=^2 x 2 ; 9=3 x 3. Hence we 
have that 

1441440 = 2x2 X2x2x2x3x3x5xllx7xl3. 
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A shorter method of writing this, is to put above, and a 
little to the right of each factor that occurs more than 
once, a figure indicating the number of times it occurs, 
thus, 1441440=2* x32x5xllx7xl3. 

The expression 2^ is read ^Two to the fifth potDer* and the 
small figure 5 is called the index. Instead of the second 
and third powers, other words are often used. Thus 3* is 
called 3 squared^ or the square of 3, and 3^ would be called 
3 cubed, or the cube of 3. 

Supposing that a number has no factors less than 12, it 
is generally more or less difiicult, and often impossible, to 
separate it into its prime factors. As a first instance, take 
the number 167. Now, 12x12=144, and 13x13=169. 
It is obvious, therefore, that if 167 has any factors at all, 
one of them must be less than 13, because if they were both 
equal to or greater than 13, their product would be greater 
than 167. Now we can immediately see that 167 is not 
divisible by any number as far as 12. Consequently, 167 
is a prime number. We could in this way determine the 
prime numbers as far as 167. The following is a list of 
them as far as 101 :— 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 
37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101. 
If, therefore, in the case of any given number it appeared 
that there was no factor less than 12, it would be necessary 
to try 13, 17, 19, 23, &c., in succession, until we had arrived 
at a number such that, when multiplied by itself, the pro- 
duct was iqual to or greater than the number in question. 
The following examples are illustrations of this point :— 
521 is a prime number, but to determine this we must try 
as far as 19, not trying 23, because 23x23=529. In 
the case of 727, also a prime number, we should try 23, and 
not 29. In the case of 437 we should find 19 was a factor, 
and that 437=19x23. 

Similarly, 713 = 23x31; 7429 = 17x19x23; 846560=2*x 5 x 11 x 
13 X 37. (Note G.) 
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1. Give a list of the prime nambers between 101 and 167. 

2. Give a list of the successive powers of 2 as far as the twelfth, of 
3 as far as the eighth, of 5 as far as the sixth, and of 7 and 11 as far as 
the fourth. 

3. Giye a list of the squares of all the prime numbers from 13 to 3 1. 
Separate into theur factors — 



4 


84. 


5. 


96. 


6. 


360. 


7. 


336. 


8. 


11880. 


9. 


944.- 


10. 


2268. 


11. 


5640. 


12. 


15675. 


13. 


5291. 


14. 


12397. 


15. 


30030. 


16. 


41503. 


17. 


11205. 


18. 


51480. 


19. 


69632. 



Determine whether the following numbers are prime, if not, give their 
factors, and if prime, state what is the highest divisor that it is necessary 
to try. 

20. 353. 21. 401. 22. 437. 23. 563. 24. 617. 25. 667. 

Separate into their factors — 

26. 2193. 27. 6726. 28. 4991. 

Before proceeding to use this process of separation into 
factors, a digression will be made for the purpose of ex- 
plaining one important application of the property of the 
number 9 that has just been mentioned. A number is 
divisible by 9 when the sum of its digits is so divisible. 
From this it may be shown that any number when divided 
by 9, and the sum of its digits when divided by 9, both 
leave the same remainder. Thus the sum of the digits of 
284 is 14, and 284 — 9 = 31 and 5 over, while 14-^-9=1 
and 5 over. Again, 437286 ^ 9 = 48587 and 3 over, 
while the sum of the digits 30 -t- 9 = 3 and 3 over. 

Suppose now that two numbers are multiplied together, 
as, for instance, 431 x 257=110767. Now, 431=47 nines 
and 8; 257 = 28 nines and 5. And 431x257=47 nines 
and 8, all multiplied by 257, which must be equal to 
some number of nines and 8 times 257. But 8 times 
257^8 times 28 nines and 5 ; that is, some number of 
nines and 40. And 40=4 nines and 4. Hence whatever 
the product may be, we see that it ought, when divided by 
9, to leave a remainder 4. And this furnishes a test of the 
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correctness of the work. If the product 110767, or, what 
has been shown to be the same thing, the sum of its digits, 
leaves the remainder 4 when divided by 9, there is a strong 
probability of the result being correct. Now, the sum of 
the digits is 22, and 22^2 nines and 4. This proof of the 
result of a multiplication is called the proof by casting out 
the nines, and, for the sake of shortness, the remainder, after 
dividing the sum of the digits by 9, may be called the digits 
remainder. The usual way of applying this method to prove 
a multiplication is as follows : — The digits remainder of the 
multiplier is placed in the upper space of a cross, that of the 
multiplicand in the lower space, that of the product of these 
two digits remainders in one of the side spaces ; and should 
this last agree with the digits remainder of the product of 
the original multiplication, the work is probably correct 
In the example just given the proof would stand 

thus : — 

As additional examples the two following mul- 
tiplications, with their proofs, are given : — 

4876 36824 

547 157 




84132 \7 X 257768 

19504 OV* 184120 

24380 /: \ 36824 




2667172 578.1368 



The same kind of proof is also applicable to an example 
in division. The long and regular proof would be to mul- 
tiply the quotient by the divisor, add the remainder, and 
the result ought to be the dividend. In the proof by ' cast- 
ing out the nines ' we substitute for divisor, quotient, re- 
mainder, and dividend, their respective digits remainders. 
The first may be put in the upper space of the cross, the 
second in the lower, the third a little distance below that. 
Then, multiplying the first and second together, and adding 
the third, put the digits remainder of the result in the space 
on one side, and this should be the same as that of the 
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dividend, to be placed in the remaining space. The fol- 
lowing are two examples, with proofs : — 



734)208936(284 
1468 




376)184297(490 
1504 


6213 

5872 


\ 5 / 
1 >C 1 


3389 
3384 


3416 
2936 


/ 5\ 


57 




480 ^ 

The proof by casting out the nines is not absolutely cer- 
tain, but it gives a strong probability of correctness, and 
from its being so short it is practically of great use. The 
student should not, however, be satisfied till he can use jf, 
either in testing a multiplication or a division, without 
writing anything *down at all. This may easily be managed 
by a little practice, and after a time it will be found that 
the proof may be applied almost at a glance. The advan- 
tage of being able thus to ' check the accuracy of a long 
calculation at every step of the process is obvious. 

Keturning from this digression to the main subject, there 
are two processes which must be understood before Fractions 
can be fully treated upon. The first of these has for its 
object to find the greatest number that will divide two or 
more numbers without a remainder. This number is called 
their Greatest Common Measure, 2Lndiso£ten briefly expressed 
by the initial letters as their 6. c. m. To explain this pro- 
cess, it must be premised that if a divisor and a dividend 
both contain a certain factor, the remainder must also con- 
tain that factor. Thus 320 and 112 both contain the factor 
16. 320-r-112=2 and 96 over, and 96 = six times 16. 
Again, 350 and 925 both contain the factor 25 ; 925 -r- 350 
r= 2 and 225 over. And 225 = 9 times 25. 

Let it now be required to find the G. c. m. of 10080 and 
3696. This being a factor of both must be a factor of the 
remainder left after dividing the larger by the smaller. 
10080-T- 3696=2 and 2688 remainder. It must therefore 
be a factor of 2688, and as it must also be a factor of 3696, 

D 3 
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and obviously the greatest possible factor of these, it must 
be the g. o. m. of 3696 and 2688. Now 3696 -f- 2688=1 
and 1008 remainder, and therefore by reasoning similar to 
that already given, we see that the question is reduced to 
that of finding the G. c. M. of 2688 and 1008. 2688 -r- 
1008=2 and 672 remainder. We have therefore to find 
the G. c. M. of 672 and 1008. 1008-^672= I 'and 336 
over. The original question is therefore now replaced by 
that of finding the G. o. M. of 672 and 336. But this is 
at once answered, as 336 divides 672 exactly, and 336 must 
therefore be their g. o. m. Consequently 336 is also the 
G. c. M. of 10080 and 3696. The general rule for finding 
tfte G. c. M. of two numbers may be stated thus : Divide 
the larger by the smaller and then the divisor by the remainder, 
afterwards continue dividing each successive divisor by the 
corresponding remainder until there is no remainder, the last 
divisor is the q, c. m. 

The instance given above may be written down in the 
following manner : — 

3696)10080(2 
7392 

2688)3696(1 

2688 \ 

1008)2688(2 
2016 

672)1008(1 
672 

336)672(2 
672 

This mode of writing down the work is, however, not so 
short and compact as it might be, if we left out the succes- 
sive quotients which are not wanted, and did not put down 
each remainder twice over. This example and three others, 
namely 2576 and 8848 ; 4900 and 19712 ; and 2079 and 
1024 are here given in the shorteir form. (Note H.) > 
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3696 

2688 

1008 
672 

336 



10080 
7392 

2688 
2016 

672 
672 



2576 
2240 

336 
336 



8848 
7728 

1120 
1008 

112 



4900 

448 

420 
336 

~84 
84 



19712 
19600 

112 

84 

28 



1024 
93 

94 
93 



2079 
2048 

31 
31 



6. a M. — 336. 



G. C. M.=»112. 



Q. c. M.»28. 



Q. C. M. = l. 



In the last of these examples, where the g. c. m. is 1, 
the numbers ai'e said to be prime to one another, that is, they 
have no common divisor. It must be noticed that this is a 
very different thing from their being prime numbers. In 
fact neither of the numbers 1024 and 2079 is a prime num- 
ber, since 1024=2io and 2079=33 x 7 x 11. 

If it be required to find the G. c. m. of several numbers 
a general rule is to find the G. o. m. of two, then of that 
G. c. M. and a third, again of that second g. cm. and a 
fourth, and so on. Thus, to find the g. c. m. of 1848, 900, 
630, and 4096. The g. c. m. of 1848 and 900 is 12 ; that 
of 12 and 630 is 6; that of 6 and 4096 is 2, and therefore,2 
is the G. c. M. of the four quantities originally given. It 
is, however, seldom, if ever, required practically to find the 
G. c. M. of more than two numbers. 

If the numbers, whether two or more, can be easily sepa- 
rated into factors, the g. c. m. will be the product of the 
prime factors, or powers of prime factors, that occur in every 
one of the numbers. Thus, taking the instance just worked 
out : 1848=23 X 3 X 7 X 1 1; 900=2^ x 3^ x 52 ; 630=2 x 3« x 
5x7; 4096=2^2, Here the only factor that occurs in all is 
2, and in one case, namely 630, it appears only in the first 
power. Hence the g. o. m. is 2 to the first power, or 2. 

Again, to find the g. c. m. of 336, 812, 1400 — 

336 = 2* X 3 X 7; 812 =2« X 7 X 29; 1400-28 x 5'. x 7; therefore o. c. m. 
=2«x7 = 28. 

The foar examples of two nnmbers given above would by the method 
of separation into factors be worked out as follows — 

3696-2* X 3 X 7 X 11; 10080=2* x 3« x 5 x 7; therefore G. c. M.-2* 
x3x7-336; 2576=2* x 7 x23; 8848=2* x 7 x 79; therefore G.c. M. 



1. 


16614 and 71676. 


3. 


10608 and 32123. 


5. 


51000 and 123125. 


7. 


9316 and 21509. 


9. 


161875 and 362637. 


11. 


216000 and 727488. 
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.= 2*x7«112; 4900 = 22 x5«x7«; 19712 = 28x7 x 11; O. C. M.=22x 7 = 
28; 1024 = 2»»; 2079 = 3* x7xll; o.C. M. = l. 

8x. 12. 

Find the o. c. m. of 

2. 4650 and 6825. 

4. 4880 and 7896. 

6. 37688 and 113106. 

8. 8029 and 17353. 

10. 22880 and 40480. 

12. 45056 and 69632. 

Show that the following pairs of numbers are prime to each other. 
13. 705 and 1508. 14. 2717 and 22030. 

15. 27040 and 43659. 16. 6961 and 9976. 

Find the o. c. m. of 

17. 308, 392, 420, and 476. 

18. 1035, 225, 540, and 360. 

19. 475. 600, 325, and 275. 

20. 108, 176, 162, and 180. 

The process for finding the G. c. M. was stated to be the 
first of two that were required for the full consideration of 
fractions. The second, which we now come to, has for its 
object to find the least number which certain given numbers 
will divide without a remainder. Such a number is called 
their Least Common Multiple^ and is often briefly mentioned 
as their l. c. m. The best method of finding this is bj 
separating the numbers into their factors, when the l. c, m. 
will be the product of all the/actors, each raised to the greatest 
power to which it occurs in any of the given numbers* It is 
true that another method is often given for finding the 
L. c. M., and in some cases it may be at first a little shorter 
than, that by separation into factors. But the great ad- 
vantage of the latter over the former is, that by practice it 
leads to so rapid a mode of working, that frequently the 
L. 0. M. of several numbers may be determined at once by in- 
spection. It also helps to encourage that intimate acquaint- 
ance with numbers, and that knowledge q? their individual 
properties and peculiarities, which are characteristic of a 
good arithmetician. 
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Yind the l. o. m. of 25, 28, 40, 105, 72, and 56. 

Here 25«5«; 28=2«x7; 40=2*x5; 105 = 3x5x7; 72«2»x3*; 
56 = 2»x7. 
Hence l. c. m. = 2» x 3* x 5' x 7 « 12600. 

In this example the whole of the work, except the actual 
multiplication, has been written down. But practically the 
way in which the question would be considered would be 
this : 8 is the highest power of 2 that divides any of the 
given numbers ; 9 is the highest power of 3 ; 25 is the highest 
power of 5 ; and 7 of Y; and there are no other factors. 
Therefore the l. c. m. is 8x9x25x7=12600. A little 
practice would enable the pupil to work out this, or a similar 
example, without putting down a single figure except the 
final result. In multiplying the numbers together finally, it 
should be noticed that multiplication by 25 is the same as 
division by 4 and multiplication by 100, and that multipli- 
cation by 125 is the same as division by 8 and multiplication 
by 1000. Thus, in the case just given, 8x9x25x7, we 
know that 25x8=200. Now 2x9=18 and 18x7=126. 
Hence the result is 12600. All this work might be done in 
the mind, without putting down a figure. 

Find the l.C. m. of 15, 60, 28, 48, 56, 84. 

Here the highest power of 2 is 16 in the number 48, highest ef 3 is 3 
in several numbers, highest of 5 is 5 in two numbers, highest of 7 is 
7 in three numbers. There are no other factors, and hence l. o. m. 
«»16x3x5x 7 = 1680. 

If any of the given numbers are factors of others, they may 
be at once struck out and dismissed from consideration ; as 
the multiple of the larger number must necessarily be a 
multiple of the factor also. Thus in the last example, 28 
which- is a factor of 66^ and 15 which is a factor of 60, might 
have been at once struck out. 

Sz. 13. 

Find the l. a m. of 

1. 8, 9, 6, 24. 3. 7, 8, 9. 10. 

2. 2,15,12,20. 4. 5, 7, 9>11. 
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5. 5, 8, 12, 18, 2a la 75, 63, 12, 14, 56. 

6. 4,6,27,18,24,3a 11. 162,108,72,48. 

7. 24,9,11,18,30,45. 12. 26,12,35,91,14. 

8. 22,81,3,20,11. 13. 187,221,143,34,26. 

9. 6, 9, 12, 28, 21, 36, 24. 14. The first ten numbers. 

15. The numbers from 11 to 20 inclnsiTe. 

16. Tbe odd numbers as far as 19. 

17. The even numbers as far as 20. 

18. Explain why the answer to 17 is double of the answer to 14. 

19. Explain why the i« c. M. of the first 20 numbers is the same as 
that of the numbers from 11 to 20 inclnsiTe, and 16 times as great as 
that of the odd numbers as &r as 19. 

20. Three men run round a field in 5 minutes 12 seconds ; 4 minutes; 
and 3 minutes 15 seconds respectiTcly. If they continued at the same 
rate, in what time would thej again be together at the starting point? 

The two processes for finding the g. c. m. and the 
L.G.M. haying been explained, the consideration effractions 
may now be entered upon, and it will be well, in the first 
place, to recapitulate what has been akeadj said about 
them in a former chapter. A fraction was defined to be the 
result of dividing a less number by a greater, which result 
can be expressed in no simpler form than by writing down 
the two numbers with the sign of division thus, f. The 
upper of these numbers is called the numerator^ and the 
lower the denominator. An expression, fractional in form, 
but where division is either completely or partiaUy possible, 
owing to the upper number being greater than the lower, is 
called an improper fraction. Improper fractions, by per- 
forming this division, may be always reduced to whole or 
mixed numbers. Thus yy<*=4, ^=3^, and, conversely, all 
mixed numbers may be reduced to improper fractions by 
multiplying the whole number by the denominator of the 
fraction and adding in the numerator. Thus 5^=^%^* 
Whole numbers may be expressed as improper fractions 
with any denominator whatever, by taking as numerator the 
product of the whole number and that denominator. Thus 

8 2 4 800 232 
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It was shown that a fraction might be multiplied, either 
by multiplying its numerator or dividing its denominator, 
and that it might be divided either by dividing its numera- 
tor or multiplying its denominator, and that consequently 
the multiplication or the division of both numerator and 
denominator by the same number would leave it unaltered. 

45 w T _ 318 nr *5 , 45 ^0 =- 8 ^r _15 . 45 _ 450 _ 495 _ 225 
Ke '^ * ~" 56 "* 8 » 66 • ^66 "'^ 504» S6~660"~6T5 UBO' 

And since | multiplied by 7=\*, we conclude that 7 mul- 
. tiplied by f must likewise= \^, and hence we deduce the 
rule that multiplication by a fraction means multiplication hy 
its numerator and division by its denominator. Moreover, 
since multiplication and division are contrary operations, so 
that the one counteracts the effect of the other it follows 
that division by a fraction means division by its numerator 
and multiplication by its denominator^ or in other words, 
multiplication by the fraction inverted. 

The above is a recapitulation of what is more fully ex- 
plained in pages 19 to 23, but there is another view of the 
nature of fractions to which it is necessary to refer. We 
know that f =6 x |, similarly i§=13 x ^, i|=l7 x ^, and 
so on. We might therefore consider ^ as being 6 of such 
quantities as would arise from dividing unity by 7, if as 13 
quantities each equal to 1-h45, ^ as 17 times as much as 
l-i-84. Now, in our language, the ordinal numbers are 
used to represent these imaginary parts of unity. Thus -f, 
instead of being called 1 divided by 7, may be spoken of 
more briefly as one seventh ; l-t-45 as one forty-fifth ; 1-h84 
as one eighty-fourth ; and the above fractions would be read 
six sevenths; thirteen forty-fifths; seventeen eighty-fourths. 

This view of fractions explains moreover how the upper 
number came to be called the numerator and the lower the 
denominator. The upper is the * numberer ' of the parts of 
which the lower points out the ' denomination,* that is to 
8ay> by what number unity has been divided to produce 
them. 
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Both modes of definiDg the meaniDg of a fraction arc 
perfectly accurate, but it will probably cause much con- 
fusion in the pupil's mind, if he is perplexed with thinking 
about both at the same time. Throughout this book, there- 
fore, the definition that a fraction expresses the result 
of dividing the numerator by the denominator will be 
adhered to; and when the pupil has once seen what is 
meant by such expressions as twenty thirds, forty sixths, 
and the like, he may dismiss from his mind all consideration 
of these imaginary parts of unity. 

The subject of Fractions will now be continued. It has 
been seen (page 21) that the same result may be expressed 
by an infinite number of fractions. Thus, |^ = |- = |^ = 
^«j=^, &c. Practically, out of all these possible forms 
the most convenient should be chosen, and this will 
be when the numerator and denominator are the lowest 
possible. Such a fraction is arrived at by dividing nume- 
rator and denominator by any common factor they may con- 
tain. When this has been done to as great an extent as 
possible, the fraction is said to be in its lowest terms ; and 
inasmuch as numerator and denominator have then no com- 
mon factor, they are prime to one another. (See page 59.) 
When the common factors are easily to be discovered by the 
tests of divisibility given on page 52, these should be used 
as divisors in succession. Thus 

8192 1024 128 4356 1089 121 11 



17600 2200 275 7128 1782 198 18 

When the common factors are not easily to be discovered, 
we must fall back upon a longer but never-failing method— 
that iS) to divide both numerator and denominator by their 
G. G. M. Thus, in the case of the fraction W%%y the o. 0. tf* 
is found to be 379, and by dividing both numerator and 
denominator by this number, the fraction is reduced to |?* 
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4169 
3411 


5306 
4169 


379) 


4169(11 
379 


.379)5306(14 
379 


4169 11 


758 
758 


1137 
758 

379 




379 
37^ 


1516 
1516 


5306 14 
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In this example it may be noted that all the work is 
shown. The best rule to observe with regard to this mat- 
ter is, to put down all the work that it is necessary to work 
out on paper, and to put down none that may be done in the 

mind. 

Sz. 1ft. 

Beduce to their lowest terms by successive division. 

1 84 9 98 o 240 a 88 K 175 

*• T20* ^* Tea* *'• eVs* *• TTo* **• uas* 

a 1400 <7 1728 ft 1836 Q 1300 in 7392 
"• 1848* '• TaOO* °' 2816* "' Te26* *"• 19656* 

1 1 18375 1 9 3960 1 o 16272 1 A 21330 
* *• 28000* **• 6040* *"• 17136* **' 28944* 

Reduce to their lowest terms by finding the a. c. m. 

IK 527 Ifi 1727 17 5681 \Q 4494 

"**'• 899* *"* 2198* *'* 5928* ^* 7169* 

IQ 12331 9n 77S29 

*^' 1T523* ^^' TY9826* 

Fractions, like whole numbers, may be made the subjects 
of the four processes, Addition, Subtraction, Multiplication, 
and Division, and of these it will be most convenient to con- 
sider Multiplication and Division first. Let it be required to 
multiply together f and f . The result must be, from what 
has been explained, f multiplied by 5 and then divided by 
7, which will be ^. Next take the case of f x^xA* 
This must be the same as ^f x t^, which is W^. The 
same reasoning will apply to any number of fractions, and 
we have therefore the following general rule for multiplica- 
tion of fractions: — Multiply the numerators together for a 
new numerator, and the denominators together for a new 
denominator. 

The general rule for division by fractions will be, as has 
been already explained. 

Invert the divisor, and multiply. 

The following observations should be attended to in the 
application of the above rules:— ^ 
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(1) The result should always be expressed in its lowest 
terms. This may be done by reducing the result found by 
the rule to its lowest terms, as for example : 

2 9 7 22 2772 308 28 1 
- X -— X — X — =. 



3 11 12 35 13860 1540^.140^5 



A t 



But a shorter method is to strike .out of any of the nume- 
rators and any of the denominators a common factor as 
often as one can be found. This being in effect dividing 
both numerator and denominator of the product by the same 
number, does not alter its value. The example just given 
would then appear thus : 

^ . ^ 

5«xlxlxM==I 
^ X^ ^ ^^ 5 
5 

Here 7 has been struck out from the numerator and from 
the 35 of the denominator, leaving the factor 5 ; 3 from the 
denominator and from the 9 of the numerator, leaving the 
factor 3 ; 11 from the denominator and from the 22 of the 
numerator, leaving the factor 2 ; 12 from the denominator, 
which is equivalent to the factors 2, 3, and 2 struck out of 
the numerator. The numerator has, therefore, been all 
struck out, that is, divided by itself, and the new numerator 
is therefore 1 ; the denominator is 5. 

(2) All whole and mixed numbers must be reduced to a 
fractional form before the multiplication is attempted. 
Thus, 



Ix9|x6x2f X l«|x^^xAx^-5x^i=?. 

25^ ^ 54 5^^ 1^ 1 7 ^4i 7 

(3) Although X is the sign of multiplication used with 
respect to fractions as well as whole numbers, yet the word 
* of ' is often employed between fractions to signify that they 
are to be multiplied together. When *of' is used the frac- 
tions between which it stands are to be considered as one 
quantity, this quantity being called a compound fraction. 
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(4) Diyision by a fraction may he expressed in either of 
two ways : for instance, f divided by 2^ is i-i-^^^, or 

There is no difference of meaning between the two 



3 



expressions, and each is equal to ^ x ^ = ^. 



Sz. 15. 



1. 


16 ^ 5 >^ 88 ^ 55 


^ 91 
^ 165' 


3. 


^xfx^x^x^ 


xf. 


5. 


3 v^ 16 w 49 „ 75 


xf. 


7; 


5^^il'^To'*ai^*Ti 


9. 


||x$xi|x6j 


^*19- 


11. 


100 .25 
143 ^ *th' 


12. 


14. 


9 1 .1 57 

•^23"*"*leo* 


15. 


17. 




28| 

'T2 



2 11 V 24 ^ 100 V II V 53 
• To ^ ok" ** T5T * OA '^ 



15 '^ 25 '^ T3T '^ 96 '^ 66* 

4 17 V 604 V 3*1 V 16 
Ta ^ FST ^ 553^ ^ 33» 

^* i^^i^st'^^t^ ^TT ^ ^3* 

X I'YY* 0« y X Or X T45 X 2^ X 8^» 

10. 18|xl2fx^x^x^. 
Mi+»^«. 13. 1H-M600. 

4 .011 ift O9 

2^ V li 94. 

19. ^^-1-^ 20. 



4§x| 2ixiix3 



In the addition of fractions, taking first the case where 
the denominators are equal, the result is obviously arrived 
at by adding the numerators together. For example : ^, 
meaning the result of dividing 4 by 7, and f , meaning the 
result of dividing |-, it is clear that the sum of these must 
be the result of dividing 10 by 7. If 4cwt. of coals had 
been divided among 7 men, and afterwards 6 cwt. jaore had 
been divided among them, it is certain that each man would 
have had as much as if 10 cwt. had been divided among 
them at first. Hence f +f = y = If. 

When the fractions have unequal denominators, they may 
be reduced to others having equal denominators. Let the 
fractions be ^, t^, and \^. Now, f is equivalent to an in- 
finite number of fractions having as denominator some 
multiple of 9 ; as, for instance, y^^, ^f, f^, |g^, &c. And 
similarly, -^ and -J-| can be replaced by an infinite number 
of fractions having denominators which are multiples of 
12 and of 18 respectively. If these equivalent fractions. 
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therefore, are to have the same denominator, that denomi- 
nator must be a multiple of 9, 12, and 18. Thus, 

h h if » are equivalent to ^ ^ ifg 

nr frn *oo 525 eso 
^*- ^^ 900 Soo 900 

But it is, moreover, convenient that this denominator 
should be as small as possible, and hence the least common 
multiple of 9, 12, and 18 is chosen. This we know to 
be 36. 

To reduce |^ to a fraction with denominator 36 we must 
multiply both its numerator and denominator by 4 making 
^f . In the case of ^ we must multiply by 3, making f^ ; 
and in the case of \^ by 2, making |f . Therefore — 

9-» A» ii» are equivalent to l|, fj, ||. 

This operation is termed reducing fractions to their Least 
Common Denominator, and the general rule is the follow- 
ing : Find the l. c. m. of the denominators, take this as the 
common denominator, and reduce the fractions to equivalent 
fractions having that denominator. 

To add fractions together. Reduce them to their least 
common denominator, and add together their numerators^ 
retaining their commoti denominator. Thus— 

4 + JL + 13-16+21+26 _63_7_, 3 
9**^ 12 "*■ 18 gg 36 —i""*** 

To subtract one fraction from another, Reduce them to 
their Least Common Denominator, and subtract one nume' 
rotor from the other, retaining their common denominator. 
Thus— 

17_ 5 •'! — "5 16 _2_ 

66 2J"" — T^Q 168"~21* 

The following remarks relate to the application of these 
rules : 

(1) When whole and mixed numbers occur among the 
fractions to be added, the whole numbers and fractions should 
be added separately. 
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ol . 4 . 3 . Ill . 29_7 4. ^4+ 30+ 65+ 58_* 157 Qi7 

-^s+^+y^'li + aS-' + ; Yo ' + To=^7o' 

(2) Compound fractions should be reduced to simple 
fractions, and improper fractions to mixed numbers, before 
the application of the rule. 

105 . q41 j. 13 nf -J. of ^ 4- 1— fi-S- 4. a*l 4. 13 4. "^^ 

^g ^ 405 + 369 + 130 ■«- 630 
720 

_Q . 1534_1l 94 _ n 47 

(3) In subtraction of fractions also, compound fractions 
must be reduced to simple fractions, and improper fractions 
should be reduced to mixed numbers before the application 
of the rule, and whole numbers and fractions ought to be 
subtracted separately. As there arise two or three cases 
which are best expressed in somewhat different forms, an 
instance of each shall be given. 

Where the second fraction is less than the first 

Where the second fraction is greater than the first. 

AS— .911 = 0.1. ^^^22 q 7 _|17 

Where there is no first fraction. 

8 — 3Ji — '5 — 11 — J 51. 

O Jj^ — o — ^ — 4^^ 

In each of the two latter cases it has been necessary to 
consider 1 from the whole number replaced by an equivalent 
fraction having the common denominator. Thus in one 
case 2— -2^=1 -{-^-—^^ since f$ is the same as 1. And 1 + 

24_ 7 — 1 17 

In the other case8-3J|=7 + ||-3^=4|f 
When, however, the reason of the process is once seen, 
there is no need to put down the intermediate step. 

Every operation in Arithmetic can only be a combination 
of the four processes, Addition, Subtraction, Multiplication, 
and Division ; and the application of these to fractions has 
been considered. Before, however, proceeding to the next 
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subject in Arithmetic, there is one minor point to which it 
is necessary to call attention. 

Let three fractions ^, -^, and ^ be given, and let it be 
required to determine which is the greatest, and which the 
least. Such examples as these, involying any number of 
fractions, may be at once worked by reducing the fractions 
to a common denominator. Thus — 

13 3 5_ 104. 108, 105 

^*"'^ 5oi 

And ^§ is the least, and -^ the greatest of the fractions. 

1. f + l + ii + f+|. 2. 13 + ||+l|+S7 + « 

il + M + e + A + «- 4. 2I + 3J + 4A + 5 + 6J. 

4J+10 + 2J+3J + I5. 6. 3| + 8j + 4 + 6^ + §|. 

f of 5i of 3| of 4 + »A' + ft Of f of 7. 

10' 5""J' 11» 5o~"f» 12. 15— XY* 

13. ^-iJ. 14. 7}--8f. 15. 10}- 8?. 

16. 4^-3|. 17. 5f|-2^ 18. 6|-4j. 

19. 17j-9^. 20. 6^-2|. 21. 6}-5|. 

22. 11 -4f. 23. 10-3|. 24. 16-14f. 

25. 12i + |of7t-iof3^ + i|-^^^. 

26. ^oflliof|-.^of^of7J + V-2fof4. 

27. Which is the greatest, and which the least, of Uie fraetkms ^ 

19 



3. 

5. 

m 
4 » 



^ 9. 



17 1 

5r» 



f 
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CHAPTER IV. 

DECIMALS; AND THE APPLICATION OP FRACTIONS AND 
DECIMALS TO CONCRETE QUANTITIES. 

Since proper fractions have the numerator less than the 
denominator, their values must in all cases be less than 
one, and by means of fractions anj quantity less than one 
may be either exactly expressed, or approximated to as nearly 
as we please. This is not, however, the only method of ex- 
pressing ^such quantities. Another way of doing so is by 
using an extension of our ordinary system of notation. 

It will be remembered that ordinary numbers are expressed 
by a system in which the value of the separate figures increases 
tenfold as we pass from figure to figure towards the left, and 
consequently diminishes similarly towards the right. Thus, 
2436 means 2 thousands, 4 hundreds, 3 tens, and 6 units. 
Hitherto this system has been supposed to stop at units, no 
smaller value being given to any figures. But we might if we 
pleased consider it extended indefinitely, following the same 
law, in which case tenths would follow units, hundredths 
would come after tenths, and so on. Such an extension 
gives rise to the quantities called decimals, and a dot coming 
afler the place of units, separating the whole numbers from 
the decimals, is called the decimal point. For example, 
2436*1024 means 2 thousands, 4 hundreds, 3 tens, 6 units, 
1 tenth, hundredths, 2 thousandths, 4 ten thousandths. 

It will be best to consider first the nature and properties 
of decimals, reserving till afterwards the explanation of their 
relations to fractions. 28*75 means 2 tens, 8 units, 7 tenths, 
5 hundredths. Let the same figures be retained, and let the 
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decimal point be moved one place to the'left. Then 2*875 
means 2 unitSy 8 tenths, 7 hundredths, 5 thousandths. Everj 
figure has thus been made to represent one tenth of its former 
value, and the whole quantity has therefore been divided hj 
ten. Hence 28*75 -i- 1 0^=2-875. Had the decimal point been 
moved two places to the left, the expression would have been 
changed to '2875, or 2 tenths, 8 hundredths, 7 thousandths^ 
5 ten thousandths. Here each figure has been made to 
represent one hundredth of its former value, and 28*75-^-100 
=•2875. Similarly, had the decimal point been moved one 
place to the right, the quantity would have been multiplied 
by ten, if two places, by a hundred : 28*75 x 10=287*5; 28*75 
X 100=2875. The decimal point may be moved any number 
of places to either the left or right by the employment of 
ciphers. Thus, in moving it 8 places to the left, and 7 
places to the right, we should have respectively — 

28*75 -i- 100000000 = -0000002875 
and ^8*75 x 10000000= 287500000. 

As it is very important to understand the effect pro- 
duced by the change of place of the decimal point, some 
examples are given to illustrate it : — 

730-29 X 1000 = 730290. 730-29-^1000= '73029. 

730-29 X 10 = 7302-9. 730*29 -r 10 = 73029. 

730-29 X 100000 = 73029000. 730-29 -^ 100000 = •0073029. 

Tlie following particulars must be borne in mind : — 

1. After whole numbers, or integers, as they are called, 
we omit the decimal points. Thus, 16 means 16*; 80000 
means 80000*. If this decimal point be expressed, any num- 
ber of ciphers afterwards added make no difference. Thus 
16 is the same as 16-000 ; 80000 is the same as 80000*00000. 

2. With respect to figures to the left of the decimal point, 
ciphers before the first significant figure (that is, figure 
other than 0), make no difference, ciphers after the last 
significant figure increase the value. 

For instance, 000819* is the same as 819*, 
but 819000* = 819-x 1000. 



[ 
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3* With respect to figures to the right of the decimal 
point, ciphers after the last significant figure make no dif- 
ference, ciphers before the first significant figure diminish 
the value. 

For instance, *020078000 is the same as *020078, 
but -000020078 = -020078 h- IOOO. 

The advantage of this mode of expressing quantities less 
than 1 is, that decimals, following the same law as ordinary 
numbers, maj be added, subtracted, multiplied, and divided, 
precisely in the same manner, the only additional difficulty 
being to determine the place of units in the result, or, in 
other words, where to put the decimal point. In Addition 
and Subtraction it is sufficient to take care that units 
are added to units, tens to tens, and the like ; and this is 
ensured by following the rule, ' Keep the decimal paints 
one under another.* The following examples will illustrate 
this. 



24-371 
15- 

•036 
8-4 


257000- 

307-00008 
11- 
-96 


234-1 
207-4376 

26*6624 


2-0974 
49-9044 


257318-96008 


179-2783275 
111-487 

67-7913275 



17. 

Add together the decimals, 

1. 29-705, -089, 3-26, 41-7, 2845. 

2. 31-826, 3-471, -004, 45, -6. 

3. 64*27, 1-1, 23, 17*12, 8 8. 

4. 82-537, 2000, 1-354, '006, 13. 

5. 10000001, 100001, 1001, 11, 2-2, 3-3, 2002, 30000003. 
Subtract 

6. 4-26 from 8-137. 

7. 17*294 from 192-3. 

8. -0076 from 517. 

9. 13-794 from 186-257. 
10. 239*385 from 253*812. 

In multiplication and division, the plan adopted is, in the 
first place, to consider the decimals as whole numbers, and 

£ • 
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fiffcenrards eorrect the error nade by so T^mrding tbein. 
A few examples wfll show bow liiis is done, and lead to a 
general rule. Let it be reqaired to find the ralne of 17*28 
X 13-2. Were these whole nnmbersy the prodact woald 
be 228096. Bnt^ to make them whole nnrabera^ the decimal 
points must hare been supposed moTed towards the right 
two places and one place respectiTely, thus, in fact, midti- 
plying them bj 100 and bj 10. To make np for this, let 
the decimal point in the product be moved three places 
towards the left, thus dividing bj 1000^ and making the 
result 228-096. 

Again, to find the value of 4297 x -0Q12. 

The result, if thej were whole numbers, would be 51564, 
1»ut that supposes the decimal points to have been moved 
three and four places towards the right. Hence, in the pro- 
duct, the decimal point must be moved seven places towards 
the left, and the result is 0051564. 

Next, in division, the errors arising from supposing the 
divisor and dividend whole numbers will act in opposite 
directions. Taking the divisor as a whole number will in 
general increase it, and make the quotient too small. Taking 
the dividend as a whole numb^ will make the quotient too 
large. The decimal poiut in the quotient must therefore be 
moved so as to make up for the excess of the larger error 
over the smaller. Thus, in dividing 43*6508 by 28*4, if they 
were whole numbers, the result would be 1537. But this 
supposition multiplies the dividend, and hence multiplies the 
quotient by 10000 ; while it also multiplies the divisor, and 
hence divides the quotient by 10. Altogether, therefore, the 
quotient has been multiplied by 1000, and, to make up for. 
this, the decimal point must be moved three places towards 
the left, making the result 1*537. 

Again, to find 00436508-^284000. 

Here three ciphers must be placell after the dividend, to 
enable the division to take place at all. To make the quan- 
tities whole numbers, the dividend must then be multiplied 
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by 100000000000, while the divisor is unchanged. Hence 
the result must be 1537 with the decimal point moved 
eleven places, or •00000001537. 

Again, to find 436508 by -0000284. 

Here the dividend is supposed multiplied by 10, and 
the divisor by 10000000 ; the quotient will therefore be 
1000000 times too small. The decimal point must be 
moved six places to the right, and thus, in place of 1537, 
the quotient becomes 1537000000. 

Lastly, 436-508 by -284. 

Here the errors exactly counteract one another, and the 
quotient is 1537. 

From the consideration of these particular instances, there 
result the following general rules : — 

Multiplication op Decimals. — Multiply as in whole 
numberSy and move the decimal point to the left as many 
places as there are decimal places in the multiplier a?id 
multiplicand together. 

Division of Decimals. — Divide as in whole numbers, 
adding ciphers to the dividend if necessary; and move the 
decimal point to the right if the divisor have more decimal 
places than the dividend, and to the left if the dividend have 
more than the divisor, in either case moving it as many 
places as make up the difference. (Note I.) 

In division of decimals it is often easy to assign the 
position of the decimal point at once, without counting the 
decimal places. Thus 480*70302 -^79*851 gives in the 
quotient the figures 6, 0, 2 ; and as 480-^-79 is clearly less 
than 10, the quotient must obviously be 6*02. 

Ex. 18. 



Find the values of 






1. 11-2 X 3-4. 


2. 


3-75 X 42. 


3. 2-39 X -037. 


4. 


2801 5 X 4-3. 


6. -08 X 400. 


6. 


•5679 X -00673. 


7. 48-76 X -138. 


8. 


53-81x2700. 


9. 12479 X -000061. 


10. 


78125 X 10-24. 


11. -03 X 1-6 X 26 X 7 X -001. 


12. 
E 2 


1-7 X 110 X 13 X -006x24. 
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13. 1800 X -003 X 60 X 10 X -0045. 

14. •! X '2 X '3 X -4 X '5 X -S X •? X •S X 'O. 

15. •00128-r-8. 16. l56*25-r*025. 
17. 19008-i-0176. 18. 23-25+371 

19. 233'937+2-78. 20. 34*04798 + -08416. 

21. 22-7088+3800. 22. 96683*4+ •41 12. 

23. 39-02286 + 10425. 24. 714535-25+69-52. 

25. 2022-91 +-00043. 26. 3467233 +*0039. 

If it be remembered, as explained in Chapter I., that the 
origin of fractions was owing to our being obliged to stop 
the process of ordinary division of whole numbers when we 
had arrived at the place of units in the dividend^ it is 
evident that when the notation is extended, so that we are 
not obliged to stop, the quantity formerly expressed by a 
fraction may be expressed in some other form. As an 
example^ take the fraction f . This means the result of 
dividing 7 by 8, a process in Chapter I. deemed impossible. 
But let 7 be written 7'000, which means 7 units, tenths, 
hundredths, thousandths, and let it be remembered that 
the law of local value of the decimals is exactly the same 
as that of whole numbers. Hence the process of division 
will be the same also, and, dividing as in whole numbers, we 
have the quotient *875. This expression means, as has been 
explained, 8 tenths, 7 hundredths, 5 thousandths ; and -^ + 

T5TrH-TTnn7=i®Tnn7=f ^^ ^iW ^© seen, therefore, that } 
and -875 are different expressions for the same quantity. 
Next take the fraction ■^. Here, again, let ciphers be added 
to 7, and separated from it* by the decimal point, and let it 
then be divided by 80. The quotient will evidently contain 
the same digits, 8, 7, and 5, as before ; but inasmuch as 80 
is not contained in 7 or in 70, there will be no units digit or 
tenths digit, and since 80 is contained in 700, there will be a 
hundredths digit, namely 8. The quotient will consequently 
be 8 hundredths, 7 thousandths, and 5 ten thousandths, or 
•0875. When, therefore, we employ all the additional 
power of division that the extension of our notation to 
decimals furnishes, we can divide a less number by a greater, 
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and thus express the value of a fraction in another form. 
The rule for reducing a fraction to a decimal is, Divide the 
numerator hy the denominator. 

^«-21875 ?52=.'3824 -II- « -0085 « -l-=00375. 
32 625 2U00 800 

There are two distinct cases of this division of the 
numerator bj the denominator, one where the division 
terminates without any remainder being left, the other 
where the division would continue for ever. The four 
examples given above are instances of a complete division, 
and the resulting decimals 9kTQ finite or terminating. If the 
fraction is in its lowest terms, the condition necessary to 
insure a complete division is that the denominator shall 
not contain any other factors than 2 or 5. For every cipher 
added to the dividend has the effect of increasing it (when 
considered as a whole number) ten times, and thereby intro- 
ducing the factors 2 and 5. By adding on a sufficient 
number of ciphers, these particular factors may be intro- 
duced as often as we please, but no other factors whatever 
can be brought in. Hence a fraction in its lowest terms, 
whose denominator contains any other factor than 2 or 5, 
must give rise to a decimal which does not terminate. As 
an instance take the fraction \^, Dividing 173 by 259, 
we have a quotient '667953, and after 
that a remainder 173, which is the 259)i73-o(-667953 

same as the original dividend. The "Ttgo 

same set of numbers will conse- 15 54 

quently be repeated over and over 2 060 

again in the quotient, so that ^77= J-^1^ 

•667953667953667953 &c for ever. 2470 

As a short way of expressing this ""1390 

quantity, it is written '667955, a dot 1295 

being placed above the first and last of 950 

the recurring figures. Such a deci- -HI 
mal is called a recurring or circu- 
lating decimal. 



78 DECIMALS. 

Again, let ^f be the fractioiu Then, after dividing until 
we have in the quotient '41 158536, the 
remainder is 1 92 ; and this is^ identical 328)1350 (41 158536 
with a former remainder, which pro- ^^o~ 

duced the figures 58536 in the quo- ' 3 28 



tient. These figures consequently 520 

recur, and ^f =-41158536. A deci- ??L 

mal in which some of the figures J^^5 

1640 

recur while others do not is sometimes 



2800 

called a mixed circulating decimal. 2624 



Certain decimals should be remem- 1760 

bered, because they are the equiva- 15l!L 

lents of fractions which are in constant ^^^ 

use, and bj reniembering them the r:^ 

time .of converting them from one 1968 

form to the other is saved. The most 192 

important are ^=:'5, J[^=*25, |=*75, 
^=•3, 1=6, ^='1. The following are also useful;— 
^=•16, i=vl25, tV=0625, i=-2, |=-4, ^=-6, $='8. 
A curious relation exists between the decimals respec- 
tively equivalent to the fractions j-* h T' t> t> t* "^^^7 
all consist of a recurring period of six figures; the figures 
in each are the same ; the same figures precede and follow 
tiny given figure in each. The only difference between them 
is that the recurring cycle is commenced at a different 
point. So that if the figures were placed at equal distances 
round a circle, and a period made by commencing at any 
one and taking them in order all round, the periods express- 
ing the above six fractions would be formed. Thus : 

^«=*142857 

f=-2857l4 7 1 

f» -428571 5 4 

$«-67142S 8 2 * 

f« -714285 

f=-657142 

It is not on account of any special peculiarity in the 
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number 7 that this relation exists. The same law holds 
good for fractions with denominators 17, 19, 23, 29, and in 
general wherever the denominator is 1 more than the 
number of figures in the circulating period. The number 
7, however, gives the first instance of this kind, and, more- 
over, is a number which often occurs in calculation, since, 
for example, 7 days make a week, and 28 lbs. make a 
quarter. And therefore it is well to notice how the law 
applies to this particular case. 

Kz. 19. 

Reduce the following fractions to decimals:— 



39 


3. 


53 


4. 


507 


46o6- 


leoo* 


eUs' 


47 


7. 


164V 


8. 


1167 


11 


11* 


if 


12. 


107 


all 

&28« 


15. 


25AV 


16. 


sm- 


149 

557' 


19. 


A\ 195 


20. 


3 

2^0* 



5a* 

5* 5o?J* "• 

q 14 79 in 

13. Tooo* 1^' 

17. 4^. 18. 

Having thus shown how fractions may be reduced to 
decimals, it remains to explain how decimals may be reduced 
to fractions: and here there are two cases to consider — first, 
where the decimal terminates ; secondlj', where it does not 
terminate — the first being excessively easy, and the second 
a little more difficult. 

In the case of a terminating decimal, it is only necessary 
to multiply it by such a power of 10 as will make it a 
whole number, and divide it back again, by placing the same 
power of 10 in the denominator of a fraction of which the 
whole number is the numerator. Thus : — 

1 874 = 1511 or 1^ or l^J -0007263: ^^^^ 



1000 ^""" """ 10000000 

This reduction of decimals to fractions leads to another 

light in which to regard a decimal, namely, as being a 

fraction with the denominator left out, that denominator 

being 1 followed by as many ciphers as there are figures 

after the decimal point. 

The rule for reducing circulating decimals to fractions 
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is a little complicated, and the method of arriving at it is 
not easy to explain. The best way will perhaps be to take 
an Instance, and, by working this out from first principles, 
arrive at a rule* It must be first premised, as will be found 
by actual division, that 

^=•111111111 &c. or -1; 
yV=-01010101 &c. or -01 ; 
^=•001001001 &c. or 001 ; 
7^=00010001 &c. or OOOl ; and so on. 

Now, to find the fraction equivalent to '0597672, this 
decimal is evidently equal to the sum of *0597 and 

•ooood7:S. 

Now '^7^ must be equal to 972 x •001001001 &c. or — 

^ 999 

Hence -0000972=-^— x?I? «—?!?-- ; and -0597=-^ 

10000 999 9990000 lOUOO 

Therefore -0597972 « -5?^ + ^^^ 



lOUUO 9990000 
.^^gy^^_ (597x 999) + 972 ^ 597000-597 + 972 
9^90000 9990000 

_ 597972 -597 
'^ 9990000 

7^e numerator is the difference between the decimal con' 
sidered as a whole number and the part not circulating, 
and the denominator has as many nines as there are circu- 
lating figureSy/oUowed by as many ciphers as there are^figures 
non-circulating. 

The fraction must of course be expressed in its lowest 
terms, thus r-^- 

597972~597 _ 597375 _ 23895 _ 4779 _ 531 _ 177 
999UUU0 *9990000"'8996d0"79920"*8880'"2960 

Agam, 6-6960227 = 6+ ^£?^g^=^?5i«6|i^ 

,^g^g|_ 49324-49 _ 49275 _1971_219_ 73 
'^ 99900 99900 3996^^444 148 
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From this rule it follows that -dsslssl. This is a good 
illnstration of a subject with which the student will become 
more and more familiar as he advances in mathematics, 
namely, the sum of an infinite series, 'd is merely an 
abbreviation for *9999, &c., continued for ever^ and the 
farther this series is continued, the nearer it approaches 
unity. Thus -9 is -^^f less than unity, -99 is -j^ less, '99999 
is To ^ooo ^^^^y ^^^ ^ ^^' ^^o, by going on with the series 
sufficiently far, we may make its value as near to unity as 
we please. These two conditions constitute what in mathe- 
matics is termed a * limit,' and hence 1 is the limit of the 
sum of the series *9999, &c., continued to infinity. 

It may be shown, by Algebra, that all circulating decimals 
whatever are series continued to infinity, and that the frac- 
tions equivalent to them are the ' limits ' of the sums of 
these series. 

Beduce the following decimals to fractions. 

1. -21875. 2. •00176; 3. 5*072. 

4. 4*00237312. 5. *4296875. 6. 3*9375. 

7. -08395. 8. -7953125. 

Prove, by reducing to decimals, the truth of the following results: — 

9. i + f + f**!?* 10. A^^"^- ^1* ^"^1—5* 
Beduce the following circulating decimals to fractions. 
12. -5d0. 13. 12-4583. 14. 8*26. 

15. 7*135. 16. '426. 17. 1307964. 

18. •I664d. 19. 10*4961. 20. 03146. 

21. -51291. 22. 13'0566527ld. 23. 21*6105769230. 

24. -36d756d. 

Since circulating decimals are thus merely abbreviated 
expressions for endless series, it follows that they cannot in 
general be added to, subtracted from, multiplied or divided 
by one another, without being previously reduced to frac- 
tions. Thus : — 



X 3 
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2-ld6 + •4882=2111 + 1?I?-2A+ ^- 2 +1665 + ^^^ 2 ^ 

^^^ 9990 " 665 12210 

1^?L^2 624651$ 
12210 

3-5?-2-6 = 3f|-. 2|- 1 +^L^^ l-?l = fi8^.gg 
^ » 99 99 99 

•6:^2 X -3376 = ?^x??^= ^--22? 
990 9990 22 

•ld-l-0046=l-2--15.=lx??2=44 
90 9900 6 1 

This method of operating upon circulating decimals by 
previously reducing them to fractions is always applicable, 
and always leads to exact results, but it is often long and 
troublesome. In the cases of addition and subtraction, it is 
often enough to write the decimals down to a sufficient 
number of places to enable us to detect the circulating 
period in their sum, or at any rate to approximate to the 
actual result as near as may be thought necessary. 

Thus^ again taking the instances 2*1^6 + '4d82 and 3'5t -2'd. 

2-136363636363 &c. 3-57575757 &c 

•488288288288 &c. 2*88888888 &c. 

•624651924651 &c. -68686869, 

or -62465 Id or '66 

In multiplication and division,, it is always best to follow 
the general rule. Sometimes work may be shortened by 
reducing the circulating part of th« decimal to a fraction, 
still retaining it in its proper place in the whole decimal. 

Thus -003742^6 X 42=003742^ x42 = -l57179A = -15717927. 

It has been explained, that terminating decimals are 
equivalent . to fractions having in their denominators the 
factors 2 and 5 only. Fractions having other factors in 
their denominators are equivalent to circulating decimals, 
and the number of non-circulating figures is the same as 
that of the highest power of either 2 or 5 which is contained 
in the denominator. The number of circulating figures is 
the same as the least number of nines placed together so 
as to form a number which the remaining factor of the 
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denominator will divide- without a remainder. Thus, 

21 21 

TTHK = TTi — e — T^i and 37 is a factor of 999. Therefore, in 
1480 2^ X 5 X 37 

the equivalent decimal there must be three non*circulating 

58 58 

and three circulating figures. Again, . ■• = ~ — ^rr^, and 

lozo o .x7o 

73 is a factor of 99999999. Therefore, in the equivalent 
decimal tliere must be two non-circulating and eight cir- 
culating figures. 

The number of nines that must be taken to form a number 
containing any given prime factor must be, in the first place, 
not greater than the factor minus one ; and in the second 
place, if it be less than this value, it must be a factor of it. 
For example, the prime factor 647 requires 646 nines, and 
consequently gives rise to a circulating period of 646 
figures. Again, the prime factor 617 gives rise to a period 
of 88 figures, and 88 is a factor of 616. Neither of the 
above laws applies to a composite factor, but whenever the 
periods corresponding to its prime factors are known, that 
corresponding to the composite factor itself may be easily 

95 95 

deduced. Thus, ^ ■ = - — — — r— - , and 37 is a factor 

of 999, and 101 of 9999. The l.cm. of 999 and 9999 is 9 
repeated twelve times, and hence the circulatiDg period 
must contain twelve figures, while the non-circulating part 
contains one. The following is a table of the prime factors 
of numbers formed by 9 repeated any number of times up 
to 16 :— 

9 once = 3', twice = 3* x 11 . 3 times = 3* x 37. 

4 time3»3^xll x 101. 5 tiines»3>x4l x271. 

6times»3>x7xll x 13x37. ' 7 times a 3^ x 239 x 4649. 

8 times =« 3' X 11 X 73 X 101 X 137. 9 times s3« x 37 x 333667. 

I0times=s3^xll x 41x271 x909l. 11 time8=32 x 21649 x 513239. 

12 times«3* X 7 X 11 X 13 X 37 X 101 X 9901. 

13 times = 3^ x 53 x 79 x 265371653. 

14 times =3^ x 11 x 239 x 4649 x 909091. 

15 times=3«.x 31 x 37 x 41 x 271 x 2906151. 

16 times»3> x 11 x 17 x 73 x 101 x 137 x 5882353. 



34 DECIMALS. 

From an inspection of this table it will be seen that there 
are but few factors giving rise to circulating decimals of 
moderately extended periods. It would require great labour 
to extend this table farther, and would, indeed, soon become 
impossible. 

A few instances of factors corresponding to longer periods 
than those already given are : — 

Period Factors Period Factors 



18 


19 


28 


29, 281 


20 


3541 


29 


3191 


21 


43, 1933 


30 


211,241,2161 


22 


23, 121, 4093, 8779 


31 


2791 


26 


859 


32 


353, 449, 641, 1409, 69857 


27 


243 







As a partial test of the accuracy of the work of reducing 
fractions to circulating decimals, it may be noticed that.all 
factors of the repeated nines which are not factors .of the 
denominator of the fraction must be factors of the repeating 
period of the decimal. Thus we know that -^^ would 
give a period of 6 figures, and since 999999 is 3^ x 7 x 11 X 
13 X 37, and 2340 is 2^ x 3^ x 5 x 13, the period of the decimal, 
whatever it may be, must be divisible by 3, 7, 11, and 37: 
in fa<5t, 3^^=-084l8803, and 418803=3 X 7» x 11 x 37. 

The most useful applications of this principle are such as 
refer to the factors 3, 9, and 11 ; the tests of divisibility by 
them being very simple. 

Although, theoretically, every fraction may be exactly 
represented by some circulating decimal, still in most in- 
stances the length of the circulating period is such as to 
render it far too cumbrous to work with. When this is the 
case, and it is necessary to replace the fraction by a decimal, 
we must be contented with an approximation to the truth, 
and only require the decimal to be correct to a certain 
number of decimal places. The student will find as 
advances in mathematics numerous instances where decl 
mals occur which have not been originated by the redac 
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tion of fractions, but have been obtained by other means, 
and these decimals are in general non-circulating and 
non-terminating. The ratio of the circumference to the 
diameter of a circle, most cases of square roots, and the 
numerical quantities called logarithms,' are instances of 
this kind. In these a greater or less approach to accuracy 
may be made by calculating them to twelve or to six 
places of decimals, but complete accuracy is impossible by 
this or any other mode of notation. Thus, the ratio of the 
circumference to the diameter of a circle is 3*14159 true to 
5 places of decimals, is 3*1415926536 true to 10 places, is 
3*14159265358979323846 true to 20 places, and so on. 
When decimals of this kind are added to, or subtracted 
from one another, it is usual, if practicable, to carry on the 
decimal to one or two places more than the number ultimately 
required to be correct, in order to ensure the accuracy of the 
last figure. 

For example find the valae of l^- {*18!^5 -h | + -18:^36 } correct to 
six places of decimals. 

If23« 1.69731259 &c. -18757576 

1*04162981 '66666666 

•18738739 



-65568278 



] 04162981 



Therefore the result is *655683 correct to six places of 

decimals. This is Aearer the truth than '655682^ inasmuch 

as the figure in the next place of decimals is greater than 5. 

The exact answer to the example is •65668277677188. 

Sx. 21. 

Find the yalues of . 
1. '3541 6 + -3125. 2. '4316 + '4554. 

3. 2-03385416 + -637. 

4. 3-4583 + 1*316 + 5-75 + '1386. 

6. •65l-*25 + *l6--i5l + -75--9l6. 

6. 8125-2-08d + 2-4583--2604l6+ •5--15074. 

7. '$26 X -2673. 8. •21153846 X -44316. 
9. *340dx'dl4. 10. 71*86 X -0116883. 
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11. -66366 X -133575. 12. 2d75 x -3^6. 

13. 2-52083 -^ -114583. 14. •01136 + 10-416. 

15. -27 X 4-4 X 2-7 X 6*16 x •0756 x •42857h 

16. -4755 X -6 X 15-78125 x '36 x '07. 

Find how many non-circulating and how many circalating figures 
there are in the decimals eqaiyalent to the fractions 

17 84_. 718 TO lOT. 197669 

1 q 708 . 18973 Oft 6761 , 7564 

Find the values (correct to 6 places of decimals) of 

21. 4-2371 + -3685 + 51 + 711^ + -1466. 

22. 6^ + 3-00732 + -1467+1 + 71. 

OQ 7ll_g 197 
*»>• '58 *'ll606' 

The cases of the flpplicatioQ of fractions and decimals to 
concrete quantities may be resolved into four main classes, 
which will be considered separately. 

I. To find the value of a fraction of a quantity is precisely 
the same thing as to multiply the quantity by the fraction. 
Thus; find the value of f f of £1 4*., and multiply £i 4s. by 
■|J are merely different ways of expressing the same ques- 
tion. The multiplication by a fraction means in this, as in 
all other cases, multiplication by the numerator and division 
by the denominator, but in the actual working out a little 
judgment is required. The quantity may be expressed in 
some one denomination, or in several, and sometimes the 
one expression is the more convenient, sometimes the other. 
Thus the question just proposed may be worked out in either 
of the following ways : — * 



£ 8. 

First Method. 1 4 


d. 



Second Method. 


3 12 


3 


12 


8, S. 8. 


43 4 
I 4 








8)44 8 







8) 5 11 








' 



138. 10|(f. 



13 10^ 

Here the advantage is clearly on the side of reducing to one ' 
denomination. 
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Next take the instance £67 16*. 4irf.xf :— 

First Method. £67 16 4^ 

6 

7)40fi 18 U 



68 2 7^ 

Second Method. 
s. s. 1356JI 8^65/05 

7 7 48 10865 . ~[7^i 



56 65105 

Here the advantage is clearlj on the side of not reducfog to 
one denomination. Division by a fraction is the same as 
multiplication hj the fraction inverted, thus : — 

"^ 8» 8 8 

£7 8*. 2rf.-lft=£7 8,. 2d. xii = U8|xli=?!?xU=l?!Z^ 
^^ 14 ** 14 6 14 12 

116^.=£5 16». 5(/. 

8. f. 

Additional Examples. 3^ of Is. 6d. = 5? xl^=??5«24^. « 
£l 48. 7d. 

OZ. OB, 

15 of 1 lb. troy = 12x !?-??« 4| oz. ^ 4oz. 17* dwt. = 4 oz. 
32 "^ 32 1 8 ® * 

17 dwt 12 gr. 

Note that in this example the work is not shown by which |oz. is 
found to' be equal to 17j dwt. For we reduce ounces to pennyweights 
bj multiplication by 20, and that will in this case be effected by diyiding 
the denominator by 4, and multiplying the numerator by 5, making ^ 
or 17|, and in these operations there is no work which requires to be 

done on paper. 

m. m. m. m, f. yd. 

6A of 2 miles 3 furlongs, 55 xi5 = ^-^ = 14||-14 5 100. 
" ® 11 8 22 " 



Find the values of 

1. f of 58. ; f of a guinea; || of £l. 

2. I of £5 ; ft of £9 78. lOf rf. ; 17«. 7j<f. x 4f . 

3. H of 2 tons 5 cwt. ; 1 cwt. 1 qr. x 23||. 
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4. 3^ of 2 lbs. troj ; 1 1 lbs. 4 oz. 9 dwts. 19 gr. + 2^. 

5. £16 128. bid. X If ; Ifl of 1 acre. 

6. 3 miles 5 furlongs x ^ ; 5 quarters 4 bushels -r-S^. 

7. Ml of 1 1 weeks 5 days ; 15 cubic jards 2 feet-j-65|. 

8. fofSfof ifofjof 13«. l|rf.; if oflday. 

9. I X ?|^ X 5i of £3 15*. ; .5^:::^ X 41 of 1 cwt. 

TF + t *TT -^^ 

10. £i + ^. + l§<i; }Jof £1 5«.-| of 2«. 6d + l| of 13«. 4A- 
Uof£5. 

11. To reduce one quantity to the fraction of another. 
Express both in the same denomination^ and divide the first 
number by the second. 

\8, Ad, to fraction of 10«. 6<f. 



16 8 
4cwt. 2 qr. to fraction of 15 cwt. 3 qr. 



U. 4(/. = 16(L; 10«. 6d. = 126rf. i® « 1, 

126 63 



18 2 
4 cwt 2 qr. = 18 qr. ; 15 cwt. 3 qr.s= 63 qr. — «- 

63 7 

It is not necessary to choose such a denomination as will 
allow the quantities to be expressed in whole numbers. 
Thus, the preceding example might, perhaps, have been 
more conveniently worked by choosing the denominations of 
shillings and hundredweights respectively : — 

lA 4d.-l|«.; 10«. 6(/. = 10|«. 1|4-0J»^ * ^ * To 

3 21 63 

4cwt, 2qr.84^cwt.; 15cwt 3qr.»15fcwt. 

* * 2 63 7 

For the sake of explanation, much more of the work has 
here been shown than is practically necessary. In future 
examples this will be avoided. The only difficulty in 
applying this rule is that it requires some little judgment 
to choose the denomination that will admit of the question 
being worked out in the quickest and neatest manner 
possible. To illustrate this point an example is worked oat 
in two different ways. 
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Reduce £1 Ss. 1^. to tlie fraction of £3 St. 9d. 

First method. Second method. 

288. IJA 68*. 9d. 675^^27^ 9^ 28^+68*-— x -1 

12 12 1650''66 22 ' *°* 8 275 

337 825 _ 9 



2 2 22 

675 1650 

Additional Examples: 6 poles 2 jd. to the fraction of 1 mile 6 fur. 

6A-^(U X 40)«^x i- xi » i 
" ^ ' 11 14 40 88 

Whatfraction is 2J acres of ^ of a square mile? H x ^ x — «— 

" TO •^ 5 7 640 160 

3 weeks 4 days 11 hours 15 minutes to the fraction of 3hr. 20 m. 

" ^ lb 10 32 ^ 

i of 1| of 1000 pecks to the fraction of 3J quarters. 

2 15^1000 1 1 8 25 ,oi 
-- X — X . x^x- X — as— « 124. 

38 1 48 25 2 ^ 

as. 



Beduce 

1. 6s. 9^2. to the fraction of £1 ; 7«. 6d. to the fraction of 10 
guineas. 

2. 3«. S^d. to the fraction of Is. e^d.} £3 5s. 2d. to the faction of 
£12 15«. 

3. 1 cwt 2 qr. 12 lb. to the fraction of 1 ton ; 7 oz. 9 dwt. 8 gr. to 
the fraction of 1 lb. troj. 

4. 7 miles 3 fur. 16 po. to the fraction of 1 league ; 5 days 11 hr. 
15 min. to the fraction of 1 week. 

5. 2800 fourpenny pieces to the fraction of 6^ gumeas ; 32 acres. 

1 rd. 24 per. to the fraction of 1 square mile. 

6. If of 1 lb. 10 dwts. troy to the fraction of 1 lb. avoirdupois ; 300 
scruples to the fraction of 1 lb. 10 dwts. troy. 

7. 2^ of If of 10 qrs. 5 bus. to the fraction of | of 8| of 70 pecks ; 

2 ft. 5| in. to the fraction of 1 chain. 

8. 11000 sq. ft. to the fraction of f of 2| acres; £11 I5s. 4id. to 
the fraction of £44 I8s. 7^. 

9. Y§ of 3 fur. 9 po. 4 yd. 1 ft. 6 in. to the fraction of 7 po. 1 yd. ; 

3 roods 17 per. 7 yd. to the fraction of 5 acres 20 per. 

10. 2j of 41 wks. 5 days to the fraction of 6} of 7 years; 700 nails 
to the fraction of 3 poles 1 yard. 
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in. Since decimals are capable of being reduced to frac- 
tions, and are also merely an extension of the ordinary 
notation used for whole numbers, it follows that when 
decimals are applied to concrete quantities, the questions 
arising therefrom may generally be treated in two different 
ways. Either the decimals may be reduced to fractions, in 
which case the examples may be worked by the rules already 
given, or a method may be employed based upon the 
similarity between decimals and whole numbers. 

To find the value of a decimal of any quantity: The 
quantity being reduced to one denomination, multiply it and 
the decimal together y reduce the decimal part of the product 
to the next lower denomination, and continue reducing the 
decimal parts of each denomination to the next lower ^ as far 
as may he necessary. 

Or, Reduce the decimal to a fraction, and find the value 
of that fraction of the given quantity. 

Examples. 3-0775 of £1 28*396 of £l 7«. 6rf. 

3-0775 28-396 £l 7«. 6d=27'5i. 

7 27-5 • 



21-5425 141980 

20 198772 



10-856()S( 



56792 



10-2iS^ 



12 780-89iS(^ 

12 



^21 IOj. 10-2(f. ^^"^^ ^^^ ^' 10-6^- 

3-625 of ^14 13«. 6& 
3-625 «3f 3 

44 6 
5 10 0| 
44 



3 13 



^ 



53 3 U\ 

N. B. In this example £^ XOs. 0|d»| of £14 13«. 6(f. ; obtained by 
dividing the line above by 8 and £3 13«. 4|dl -s| of £14 13«. 6</. 






In the last of these examples it was better to reduce the 
decimal to a fraction. 
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Find the yalues of 

1. 3-75 of 78, 4<L ; '1024 of £6 10s. 2^ 

2. -3125 of £l ; 1*875 of 1 guinea. 

3. -046875 of 10«. ; 71875 of £2 5«. 4d, 

4. '1608 of 1 cwt. 1 qr. IG^Ibs. ; '59375 of 1 bushel. 

5. 2-6931 of 1 lb. troy ; -00176 of klO. 

G. 3*1872 of 3 weeks 4 days ; 1*869140625 of 1 ton. 

7. 6*237 of 1 mile ; 3*2784 of 20 perches 20 sq. yds. 

8. 19*3865 of a cubic yard ; 2*5 x ^ x 1*6 of 9^. 4i/. 

lY. To reduce a quantity to the decimal of another 
quantity. Qne general class of examples of this kind is 
where a quantity expressed in several denominations has to 
be reduced to the decimal of another quantity expressed in 
a higher denomination. To do this : Reduce the number of 
the lowest denomination to the decimal of the next higher^ 
and prefix to that decimal the whole numher^ if any, of that 
denomination. Continue this process as far as necessary. 

Examples. £Z 8«. 2\d, to the decimal of £5. 
12 )2*25 4 fur. 52 yd. 9 in. to the decimal of 6 miles 2 fur. 

20)8*1 875 ^ ^ ) 52*25 6 m. 2 fur. » SOfurlongs. 

5 )3*409375 20)_475_ 

•681875 50)_4;2375_ 

•08475 

Or, Reduce the quantity to the fraction of the other, and 
reduce that fraction to a decimal. 

This is generally the best method when the second 
quantity is expressed in several denominations. 

Beduce £i 13«. lldl to the decimal of £11 Us. 8d. 
*07^ 3 «37^.,^^„,^, 8)37 



33ii-i-234| =*- x— « _« -14453125 



12 704 256 8)4*625 



4 )*578125 
•14453125 

Sx. 25. 

Reduce 

1. 15«. 9d, to dec. of £l ; 7«. 6}(f. to dec. of 5«. 

2. £l 6s, 3d. to dec. of 4 guineas ; 300 farthings to dec. of £5» 
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8. 13 cwt. 2 qr. IS lb. 9 oz. to dec. of 1 ton ; 90 lb. av. to de 
1 lb. troj. 

4. 16 hr. 29 m. to dec. of 1 daj 4 hr. 40 m. ; £7 Off. 0^ to de 
£4 6ff. 2d. 

5. *01S2 of 3 lb. 8 oz. to dec. of 1 cwt ; 3 dajs 5 hr. 42 m. to de 
1 weefk. 

6. £18 3s. did. to dec. of 2«. 6d; 6fdr. 18po. 27d. 2ft. 3i] 
dec. of 1 mile. 

7. 60*25 of 5 roods to dec of 10 acres ; 3 qr. 2 bus. 1 gaL 3 qt 
to dec of I load. 

8. 3*125 of 1 cwt. to dec of 1 qr. 12lb. ; 29160 cub. in. to de( 
cab. yard. 

Where circulating decimals occur in connection with c 
Crete quantities, the general rule is to reduce them 
fractions, as for example : Find the value of *265365 
£2 Si. Ad. : 



999990 111 110 410 


41)21-0(51219 
20 5 


£2 Ss. 4dL»580</. 


50 
41 


Il7^580^6786^jg5g^^jg^ gj2ldrf. 
410 1 41 "^ 


90 

82 

80 
41 


i 


390 
369 



21 

But it is possible frequently, even in cases where the per 
is as long as in the example just given, to obtain the res 
more easily "by putting down a sufficient number of figu 
of the original decimal to enable us to see what the cir 
lating period is in the result Thus, multiplying 2&536b 
580— 

•2853658536585 
580 



228292682926 
14268*29268292 and the prodact is evidently 165 5l21d. 

1655121951218 
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In the instances, however, which most frequently occur in 
practice the circulating decimals are of short period or are 
equivalent to fractions with a small denominator, and the 
fraction equivalent to the circulating period may be placed 
instead of the period at the end of the decimal. 

Thus. -03876 of £2; -256428571 of a lb. troy; and -695076 of 

amQe. 

•695011 
8^ 

5*5606^ 

n 

6*L666| 
20 



-03871 
40 

1'550| 
12 


1 

6*608d: 


*256f 
12 

3-077J 
20 


6-608 U. 


1-541 
12 

6-Slf 
2 



_J?1 

6 r oz. dwt. ffr. 

— ^ I 8 1 13-028571 
'^2? ' oz.dwt. gr. 



123'333| 
3 



57142 1*000 

I3-02f i oz.dwt. gr. fur. yds. ft. 

or 3 1 13-0285714 5 123 1 

In examples of the reduction of concrete quantities to 
the decimals of other quantities, it often happens that cir- 
culating decimals occur in consequence of dividing by some 
factor other than 2 or 5, which does not occur in the num- 
ber divided. In these cases it is generally sufficient to put 
down a few places of the decimal, amd the resulting circulator 
will be easily discovered. 

Kednce 3 hr. 34 m. 32 sec. to the decimal of 1 day. 

100 feet to the decimal of 1 mile. 

£\ 28. Sd. to the decimal of £7. 
60)32-000.... 3)100-000.... 12 )8-0000 .... . 



60)34 ft333.... r20) 83-333.. .. 20 )2-6666.... 

f 8 ) 3-57555.... [ H) 1-6666.... 7 )1-13333333. ... 

\ 3) -44694444.... 8) -151515. ... -161904761.... 
-1489814814.... -0189393.... 

-1489814 -01893 -1619047 

It may be noticed that in Avoirdupois weight there is 
Only the factor 7 occurring in 28 lbs. = 1 qr. that can pro* 
duce a circulating decimal, and the decimal will have a 
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period of 6 figures. In the Table of Measure of Length be- 
tween inches and miles there is the factor 3 in 12 inche8= 
1 foot ; 3 again in 3 feet=l yard; 11 in 220 yardssl fur- 
long. In Square Measure 9 occurs between inches and feet, 
and also between feet and yards, and 121, giving 22 figures, 
between yards and roods. In the Table of Money there is 
the factor 3 in 12pence=l shilling. In the Table of Time 
the factor 3 occurs in 60 seconds=:l minute ; in' 60 minutes 
=1 hour,. and in 24 hours=l day. The factor 7 occurs in 
7 days=l week; and the factor 73 in 365 day8=l year. 
This last factor produces, as we have already seen, a period 
of eight figures. From these considerations we can generaUj 
tell how many figures there will be in the circulating period 
of a decimal which would result from any given question. 
Taking as an instance a somewhat complicated example :— 
What would be the period of the decimal that 17 seconds is 
of 12 weeks? Here there is a factor 3 in passing from 
seconds to minutes, 3 from minutes to hours, 3 from hours 
to days, 7 from days to weeks, and 3 is contained in the 
given number 12. The resulting decimal must therefore be 
equal to a fraction whose denominator, besides the factors 2 
and 5 repeated any number of times, contains also 3*x7. 
Now 7 is a factor of 999999, and 3*, or 81, is a factor of 
999999999, and hence 3* x 7 will be a factor of the L. C. M. 
of these, or of the number formed by 9 repeated 18 times. 
There will therefore be 18 figures in the circulator. The 
decimal actually is -00002342372134038800705467. 

The following are other instances of the same kind : — 
3 yds. 2 ft. to decimal of a mile . . . One figure. 
16 dwts. 7 gr. to decimal of 150 lbs. Troy... Three 

figures. 
14 lbs. 8 oz. to decimal of 1 cwt. . . • Six figures. 

1000 seconds to decimal of 1 year . . . Twenty-four figures. 
The number of non-circulating decimals may also, if re- 
quired, be found in the manner explained on page 82. 



I 



EXAIfPLES. 

EZa 26. 

Find the yalaes of 

1. -4916 of £l ; -661458d of £S. 

2. •«30S57142d of S guineas ; '5694 of Ss. 

3. •405SO of 1 mile ; 5-tOd of 1 day. 

4. •507:?16049382 of 1 square yard ; -Signsofi of -0125 of 1 year. 

5. -646 X -16 X -875 X d of 6«. 2d. ; -897?^ of £2 lOs. 
Reduce 

6. 8«. 6jrf. to dec of ;ei ; 4 oz. 16 dwt. 7*1 gr. to dec. of 1 lb. Troy. 

7. 2 qr. 3 lb. 12 oz. to dec. of 1 cwt. ; £41 Ss. 9d, to dec. of £\ 7 Ss. 6c/. 

8. 3 qt. O'dld pt. to dec. of 1 peck ; £4 68. 4d, to dec. of £10 11«. 2^. 

9. 26 cub. ft. 576 in. to dec. of cub. yd.; 3 acres 1 rood 16 per. 
6*2651 yds. to dec. of 7 acres 17 per. 2 yd. 

10. 5 oz. 9 dwt. 4 gr. to dec. of 1 lb. Ay. ; 19 min. 28 sec to dec of 
year. 

Find, by reference to &e particulars on page 82 and without calculat- 
ng the decimals themselves, how many non-circulating and how many 
ircufiating figures there are in the decimals equivalent to 

-- 15 pounds ,,^ 100 days 3«. firf. 

11. — £ 12. ■— 13, 

1 1 tons 7 years 20 gumeas 

,. 80 feet ,_ 500000 pq. in. ,^ 2000 lbs. 

14. 10. 16. — 

1 league i acre 2 tons 1 cwt. 
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CHAPTER V. 

PRACTICE AND PBOPOBTION. 

Ix Chapter 11. it was stated that examples in compouni 
multiplication could, in general, be more easily worked out 
by a method called * Practice.' This process, which could 
not be properly explained until the student had acquired a 
knowledge of fractions, is termed 'Practice' because of its 
very great use in the affairs of ordinary life. To show 
what it is let that example in Chapter 11. be considered 
which comes immediately before the statement referred to. 
It is to find the value of 7 dwts. 2 gr. x 1427, and is worked 
out in two ways, firstly, by multiplying 7 dwts. 2 grs., not 
reduced to one denomination, by 1427; secondly, by reduciDg 
7 dwts. 2 grs. to 170 grains, multiplying 1427 and 127 grains 
together, and reducing the product to pounds and ounces. 
A third way would be to multiply 1427 by the unreduced 
7 dwts. 2 grs., and this is the process now to be explained. 
To effect this multiplication we consider the multiplicand 
as a concrete number of the highest denomination, multiply 
it by the number of that denomination in the multiplier, 
and add such fractions of it as the numbers of lower de- 
nominations are of one of the highest. In the case of 1427 
x7 dwts. 2 grs., consider 1427 as pennyweights, multiply 
by 7, add -^ of the multiplicand, because 2 grs.=-j^ dwt, 
and reduce to pounds and . ounces. The work would be. 
expressed thus : — 



PRACTICE. S7 

1427 X 7 dwt. 2 gr. 

7 

9989 
2 gr. =^ dwt. 118 22 42 lb. 1 oe. 7 dwt. 22 gr. 

2 0)10107 22 

12 )505 7 

42 1 

The above example is given for the purpose of showing 
lat Practice is applicable to concrete quantities of any 
ind, weighty measure, length, &c, and is not confined to 
nestions involving money. At the same time such ques- 
ons are those which most frequently occur — so much so, 
ideed, that in many works on Arithmetic, Practice is de- 
ned to be the mode of finding the value of any number of 
lings. The following example was also worked out in 
Chapter IL by Compound Multiplication : — 





527 x£l 158. ^d. 


10«. «| of ^1 


S63 


10 


5 »| of \08. 


131 


15 


Sd^^of 58, 


6 


11 9 


i «Jof3(i. 


1 


1 llj 




929 


18 8^ 



Before proceeding to work out any more examples, two 
r three particulars to be noted are given. 

L It is especially important in writing down an example, 
lat the particular concrete multiplier corresponding to 
Ach line to be added should be in the same straight line 
dth it. Attention to this point tends to prevent mistakes, 
ad keeps the work in a form which renders revision easy, 
^hile neglect of it produces confusion. 

XL The denomination of which each multiplier is a 
*action may be left out, and understood instead of being 
spressed. Thus, instead of writing in the third line of 
le above example 5s» = -^ of 10«., 131 15, it would be 
afficient to write 5 ^ 131 15; and the multipliers and 

F 
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the fractions are often kept in- two ruled columns at the 
si^B. The example would then he written ; — 
827 X £1 I5s. ^d. 

|1D(.'| i I SS3 10 
5 I 131 15 



' 



III. Sometimes the multiplicand may be considered as i 
concrete number not of the highest denomination of tiie 
multiplier, but of a denomination higher than that. Tbnf 
in the question. What is the value of 549 things at 14*. 7i ? 
instead of considering 549 as shillings, and mnlti|d^ng b; 
14, it would be better to consider 549 as pounds, ti^ ^ for 
10s., i for 4f^ and so on. 



Examples iroiked oi 



18S3a[£3 14(. Sid. 



5Ug 7 at 15f. 7^ 
25713 10 
1S85G IS 
1285 13 6 
831 e 41 
53 11 4J 







5559 


10» 




926 10 


4 


370 12 


Bd. 
I 




61 IS 4 
7 U S 
1 IS 7J 



147x2 3 12 S 



[23 7 at £2 19». 6jd 





i 


194 
73 


a 










Sih. 




10 


2 


eoz. 




e 


1 

S I7lb. Sot. 



■k. 27. 

Und tbe Tslaei of 

1. £l 69. IO)d:K639; £5 2i.8d.x977. 

2. £4 15s. 8|(j. X 981 -, £7 18*. lid. x 275 

3. III. 4^x158; £2 9<. 7<L X 1049. 

4. £G ISs. IJd. X SOST i 10*. 6^ K S042. 
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5. £17 8ff. 9|^ X 263 ; £4 2s. 8^. x 6076. 

6. 78. 7^. X 1093 ; £3 17*. 2f<iL x 497. 

7. £7 \9s. 10^. X 8653 ; 48. 5|dL xlt49. 

8. 4 cwt. 2 qr. 8 lb. x 793 ; 2 lb. Troy 1 1 oz. 5 dwt x 865. 

9. 2 gal. 2 qt 1 pt X 947 ; 17 yd. 2 ft. 7 in. x 1028. 

10. 21 days 9 hr. 35 min. 27 sec. x 563 ; 5 m. 2 far. 11 po. x 719. 

11. 1 qr. 5 lb. 7 oz. 11 dr. x 850; 3 sq. yd. 5 ft. 97 in. x 1096. 

A question about price may assume a more complicated 
form, when the quantity is expressed as a concrete number 
as well as the value. For example, let it be required to 
find the value of 139 cwt. 3 qr. 10 lbs. 7 ounces, at £3 14;. Sd. 
per cwt. Here a double application of Practice is required, 
first to find the value of 139 cwt. at £S 14;. Sd,, and next 
to take such fractions of £3 14$. Sd. as will give the value 
of ^ qr. 10 lbs. 7 oz. This and three other examples are hero 
worked out. 

189 cwt. 3qr. lOlb. 7oz. at £3 148. Sii. 
3 per cwt. 







417 


108, 


f 

! 
1 


69 10 


4 


27 16 


Sd. 


4 12 8 


2 qr. 


1 17 4 


1 


Q 


18 8 


81b. 


1 ' 

1 ' 

■ 1 
8 


5 4 


2 


1 4 


4oz. 


2 


2 

1 


s 

1 


1 


A 


2 


a 



522 1 



71 



1084 qr. 5bas. 3pk. at £2 2«. 
2 per qr. 



Sd. 







2168 






28. 


1 

! 

5 


108 


8 




Sd. 


36 


2 


8 


4 bus. 


1 


1 


4 


1 




5 


4 


2pk. 




2 


8 


I 




1 


4 






2314 


1 


4 



100 
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lOs. 
5 

ed. 

3d. 
6 OS. 

loz. lOdwt. 
3 divt. 

8>ff 



•1 

•I 

! 



f 
? 



19 lb. Troy 7 oz. 13 dwL 8 gr. at 

perl 




15 9 3| 

17 miles 3 far. 136 yd. at £4 
4 per mil 







68 


2«. 


^ 


1 14 


8(2. 


11 4 


2 far. 




1 8 


1 


1 


10 4 


110 yd. 


5 2 


22 yd. 

2 , 
2 


1^ 



72 2 8ff 



28. . 

Find the Taloes of 

1. 23 tons 2 cwt 1 qr. 8 lb. at £5 Is. id, per ton. 

2. 135 cwt. 2 qr. 13 lb. at £3 Is. lOd. per cwt 

3. 173 acres 3 roods 29 poles at £82 13«. Ad. per acre. 

4. 67 lb. Troy 11 oz. 17 dwt. 12 gr. at £3 15«. Ad. per lb. 

5. 73 qr. 5'ba8. 7 gal. 2 qt. at 13«. Ad. per bushel. 

6. 83 miles 5 fas. 35 yd. at £12 7«. ^d. per leagne. 

7. 17 sqnare yards 8 ft. 37 in. at 3«. 4|dl per yard. 

8. 3 weeks 4d. 11 hr. 25 m. at £5 59. 'per week. 

9. 5 cwt. 3 qr. 11 lb. 10 oz. at £1 3«. Ad. per qnarter. 

10. 14 miles 5 for. 97 yd. 2 ft. at £l 75. ftd. per furlong. 

11. 6 miles 3 far. 19 po. 3 yd. at £71 \Qs. per mile. 

12. 15 acres 3 roods 66 yd. at £3 6«. per sqnare chain. 

13. What is the amount of a bankrapt's dividend on £1428 
if he pays 8«. 8J. in the £? 

14. What is the poor-rate on a rental of £1157 10«. at 2i 
the£? 



With ' Practice ' finishes the consideration of wh 
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be called the framework of arithmetic, the employment of 
the four processes of addition, subtraction, multiplication, 
and division. We have seen these applied to abstract 
numbers, to fractions, to decimals, to concrete numbers, 
including the particular instances of square and cubic 
measure, and have found that the multiplication of concrete 
numbers may be performed in three different ways : firstly, 
by reducing to one denomination, and using multiplication 
of abstract numbers ; secondly, by making the unreduced 
concrete quantity the . multiplicand, and using compound 
multiplication ; thirdly, by substituting for compound mul- 
tiplication the shorter method of practice* 

The remaining part of arithmetic has for its subject the 
various combinations of these four processes, which are 
found practically useful. Of these combinations the most 
important is that called 'Proportion,' or the *Rule of 
Three.' This we now proceed to explain. 

The result of dividing 3 by 4, whioh, as we have seen, 
may be expressed as 3-^4, |, or 3 : 4, is sometimes called 
the ratio of 3 to 4. It is evident that ratios may be equal 
to one another. Thus f , ^, |^, are all equal ratios. The 
equality of two ratios is termed a Froportiony which conse- 
quently will consist of four numbers, two in each ratio. 
Thus f =-A^, or 3 ; 4=9 : 12, is a proportion. When the 
sign of division-f-is used, it is customary to substitute : : 
for =, and thus the proportion would be expressed 
3 : 4 :: 9 : 12, which is read, * Three is to four as nine is 
to twelve,' and means the same as f =-]^. The numbers 
3, 4, 9, 12 are called the terms of the proportion. From 
the equation f =t^ we have, by multiplying by 4, 3 = 

4x9 

, and by again multiplying by 12, 3 x 12=4 x 9. This 

relation between the terms is expressed thus : The product 
of the extremes is equal to the product of the means ; in other 
words, 1st term x 4th term = 2nd term x 3rd term. 
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4x9 
Again, since 3x12 = 4 x'9, therefore 12 = ■ or 4th 

o 

, 2nd term x 3rd term j xi. *• i i. 

term= . and these equations may also be 

1st terra ^ ^ 

represented in the slightly different form 12=9 xf, or 4th 

- _ , 2nd term __ . . , -i .#. 

term=3rd term x , . ^ — . Hence it is clear, that if we 

1st term ' 

know three terms of a proportion, the fourth jnay be found. 

For example, to find the fourth terms of the proportions of 

which the first three terms are respectively 12, 7, 60; 

6, 5, 21 ; 75, 40, 15 ; 13, 19, 28. Applying the general 

, ^., . « -. . 2nd term , . , ^ 

rule, 4th term = 3rd term x , , ^ , we have, m the first 

1st term ' 

case, 4th term=60XT^=35 ; in the second, 4th term= 

21x4=3^ = 17^; in the third, 4th term=15x|§=8; in 

the fourth, 4th term=28 xi|=«T^2=40||. 

Questions in Rule of Three are of this kind, where the 

existence of a proportion between the terms is taken for 

granted, and the first, second, and third terms are given. 

That there is such a proportion is generally known from 

some ftimiliar rule in life, or some fact in nature. Thus, 

if we buy bread or meat, we know that the price paid is 

dependent upon the quantity bought ; that the more we buy 

the more we have to pay, and the less we buy the less we 

have to pay ; that if the quantity be doubled the price is 

doubled, and that in general the ratio of any two prices is 

equal to the ratio of the corresponding quantities. For 

example, if beef be 9d, per lb., 3 lb. will cost 2s. Sd. and 

5 lb. will cost 35. 9d.y and — — ^ = — - — -,* Agaim, from w 

51b. ^s.9d. ^^ ' 

investigation into the properties of fiuids, we learn that the 

pressure at any point of a fiuid is proportional to the depth 

below the surface, and hence, if we know that the pressure 

at 256 feet below the surface of the sea is 133 lbs. on the 

square inch, we conclude that at the depth of 60 feet the 
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60 
pressure must be 133 x os^>or31^j^lbs. In the complete pro- 
portion there would, of course, exist the relation • ^ — = 

^,- - -- ' On the other hand, the question, * If a body falls 
olf^ lbs. 

64 feet in 2 seconds, how far will it fall in 8 seconds ?' is not 

to be determined in the same way as the previous questions, 

because the distance a body falls is not proportional to the 

time of falling, and consequently 64 x f , or 256^ would not 

be a correct answer. 

When, however, we are satisfied that a proportion does 

exist, and three terms are given, the rule that the 4th term 

_ , . 2nd term . . , . y. -. , ^ i 

=3rd term x ^ at once enables us to find the 4th 

1st term 

term. 

The only difficulty attending the practical application of 
this rule, is that of determining which terms we are to 
consider as the 1st, 2nd, 3rd respectively. An example will 
illustrate this point clearly. Let the question proposed be, 
If 18 lb. of cheese cost 13 shillings, what will be the value 
of 1 J cwt. ? Now let it be observed, firstly, that there are 
two terms in what may be described as the supposition 
contained in the question, namely, 18 lbs. and 13 shillings ; 
and, secondly, that of these two terms, one, namely, the 
13 shillings, is of the same kind, money, as we should expect 
the answer to be, while the other is of the same kind as the 
single term 1^ cwt. contained in what may be called the 
demand. The general rule applicable to this and all cases 
is, The two terms in the supposition are the 1st and Srd, the 
Srd being that one which is of the same hind as the answer. 
Hence, in the question proposed, 13 shillings is the 3rd 
term, 18 lbs. the 1st, and consequently 3^ cwt. must be the 

2n,d. Therefore the answer, or 4th term, =13 shillings x 
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If a family eat 4d| loaves in 29 days, bow many loaves will they eat in' 
56 days? Here 43| loaves, being of tbe same kind as tbe answer, is tbe,| 
Srd term, 29 days, the other term in tbe supposition, is the 1st term, and 
56 days is the 2nd term. 

H^nce the answer, or 4th term, =43| loaves x ?Z?-«_x — 

' ' * 29 days 2 20 

loaves « 84 loaves. 

It will be seen, then, that in all cases of ordinary or direct' 
proportion the following rule holds good : — v 

A .^- ^ X i.i_ term in demand 

Answer or 4th term=term like answer x r : r-- — • 

term m suppositioa . 

i 

Ex. 29. 

1. If cheese is 9|<i per lb., what is the value of 17 cwt. 3 qr. 10 lb. ? 

2. If household expenses are £122 6«. 7dfor 22 weeks 3 days, what 
will they be for 3 weeks 5 days ? 

3. If a coach- wheel make 1125 revolutions in 10000 feet, how many 
is that per mile ? 

4. A train is going at the rate of 40 miles an hour; through how 
many feet does it move in a second ? 

5. If the tax upon property assessed at £118 lOs. is £10 12«. dfd, 
what must be the assessment when the tax is £2 16«. 5;^.? 

6. The shadow of a perpendicular tower is observed to be 9 feet 
4 inches long, at the same time that a stick 6 feet in length casts ft • 
shadow of 10^ inches. Find the height of the tower. 

7. Fifteen degrees of west longitude make a difference of one hoot : 
earlier in time. What will be the time at New York, the longitude of , 
which is 73° 55', when it is noon at Greenwich ? 

8. A man travelling uniformly on a journey of 10 mile^ passes the 
7th milestone at 3.30, and comes to his journey's end at 21 min. post i'^i 
At what time did he start ? 

9. A servant's wages being £22 a year, what should be paid for 90 ; 
days' service ? 

10. If 6 chests of tea, each containing 84 lbs., cost £73 10s., bow . 
much is that per cwt. ? 

11. What does a bankrupt pay in the £ if his creditors receite 
£376 5«. 6rf. out of £2076 ? l 

It has been explained that in all the preceding examplp8»,j 
the fact of there being a proportion between the terms mtiBt ,. 
be taken for granted, and the process called * Rule of . 
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Three* may then be applied. The Rule of Three may, 
however, be also applied to one other class of questions, 
where a different relation exists between the quantities 
given* What this relation is, may best be explained by 
taking an ordinary instance. Suppose that in a prison 
each man is allowed l^ lb. of bread per day. Then, when 
there are 100 prisoners, 1000 lbs. of bread would last eight 
days, and if there were only 80, it would last ten days. If 
the question, therefore, had been proposed, A certain quan- 
tity of bread is sufficient for 100 prisoners for 8 days ; for 
how many days will it be sufficient for 80 ? it is evident that 
it could not be worked out by ordinary proportion. For if 
that were tried, we should have 

.^, ^ . ,., term in demand 

4th term = term like answer x : ; r-. — = 

term in supposition 

^ , 80 men ^« , 

And this result would be contrary to common sense, 
because it would be equivalent to saying that the fewer 
prisoners there were, the more quickly would the provisions 
be consumed. And, moreover, common sense would tell us 
Ihat the state of the case was the exact contrary of this, 
that the fewer prisoners there were, the less quickly would 
the provisions be consumed, so that the less the number of 
prisoners the greater the number of days. Also, it would 
tell us that this increase or decrease was regular ; that twice 
the number of prisoners would finish the food in half the 
Qumber of days ; that if the prisoners were reduced to one- 
third of their number, the days would be multiplied by three; 
ind so on. A relation of this kind is called inverse pro- 
portion, and the number of prisoners would be said to be 
aversely proportional to the number of days. Returning 
;hen to the question last proposed, we see that the answer 
nust be more than 8 days, as the number of prisoners 
s diminished from 100 to 80, and it must be, moreover^ 

F 3 
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increased in just the proportion of 100 to 80. Consequently 

4th term = 8 days x -r-: = 10 days. 

•^ 80 men "^ 

This example leads at once to the general rule, that in 
Inverse Proportion 4th term = term like answer x 
term in supposition 

term in demand 

If one set of quantities are said to be inversely propor- 
tional to another, the true mathematical meaning in that the 
first are directly proportional to unity divided by the 
second. Thus, in the preceding example, prisoners being 
inversely proportional to days, we should have the direct 
proportion = -j^-^ : ^1^:: 8 days : 10 days. And thus, in 
direct proportion, we always have — 

Term in supposition : Term in demand :: Term, like 
answer : answer ; and in Inverse Proportion, we have— 

rr ' ^"^7^ — • ?n '- — 1 a • • Term like an- 

lerm in supposition Term in demand 

swer : Answer, By multiplying extremes and means, and 

dividing by the first term in the latter of these propprtions, 

we obtain the ruljB already given for Inverse Proportion; 

namely — 

. ., X X i.i_ ^^^ ^^ supposition 

4th term = term like answer x — r— ^^ =-. 

term in demand 

If 16 men reap a field in 36 working hours, how many menwodd 
have been required to reap it in 48 hours? 

Here 4th term = 16 men x — « 12 men. 

48 hours 

If a railway train, going at the rate of 40' miles an hour, takes 7| 
liours from liondon to Carlisle, how long would a lug(^age train goiog 
nt 18| miles an hour take to perform the same journey? 

TT .^, . ,-1 V 40 miles 15 hrs. 40 4 ,-v— 

Here 4tn term=7s hours x — - — -- — x — x — ssl6 hn. 

^ 18| miles 2 1 75 

Ex. 30. 

1. If a room require 52 yards of carpet, 27 inches wide, how many 
would be necessary of carpet 24 inches wide ? 
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2. The wheels of a carriage are 3 ft. 4 in. and 2 ft. 1 in. in diameter. 
How many reyolntions will the hind wheel make while the fore wheel 
makes 1600 ? 

S. The staircase inside a church tower is at first intended to be com- 
posed of 240 steps each 9 inches high, bat afterwards it is determined 
to reduce the height of the steps to 7| inches. How many will then b 
requisite ? 

4. A certain piece of work occupies a party of workmen 8| hours 
per day for 16 days. How many days would haye been required if 
thej had worked 9| hours per day ? 

5. Beaten gold being 19*2 times as heavy as water, find what frac- 
tion of an inch gold leaf is in thickness, when a grain is made to cover 

:.56'7 square inches. 

6. If the cost of carrying a ton of goods 185 miles be 12j. 6(2., how 
many cwt. could be taken 240 miles for the same money? 

7. A man is 12 hours on a journey, walking at the rate of 3| miles 
an hour. How long would he have taken if he had walked 4 miles 
an hour ? 

8. A friend lends me £130 for 9 weeks. For how long ought I to 
lend him £504 to return the obligation ? 

For the sake of distinctness, the examples of Direct Pro- 
portion have hitherto been kept separate from those of 
Inverse Proportion. As, however, for practical purposes 
it is not merely requisite to be able to apply each rule, but 
also to determine which is applicable to any particular 
instance, several examples are subjoined, of both rules, 
mixed up together indiscriminately. It will be necessary, 
in working these, to settle, in the first place, whether the 
one kind of things is proportional or inversely proportional 
to the other. Thus work done is proportional to the number 
of men, to the time occupied, and to the amount done in a 
given time, as an hour or a day ; because if you increase any 
of these three things, you increase the work done. But the 
number of men required to finish a given piece of work is 
inversely proportional to the time allowed, and to the 
amount done in an hour or a day ; for if you increase either 
of these, you diminish the number of men necessary. 

When it has been ascertained whether the question is 



108 SIMPLE PBOPOETION. 

one of direct or inverse proportion, the term, like the 
answer, must be multiplied by a fraction of which the other 
terms are numerator and denominator, the term in the 
demand being numerator in direct, and the term in the 
supposition being numerator in inverse proportion. 

Though the above is the best way of working these 
examples, still there is another plan which may perhaps be 
found simpler, and is applicable to both kinds of proportion. 
It is : Increase or diminish the term like the answer in the 
ratio indicated by the other pair of terms. Of course this 
rule implies that common sense must be used to settle 
whether the third term should be increased or diminished. 
The following are examples of this mode of considering 
questions in Proportion : — 

If 19 cwt. 2 qr. of lead cost £21 12«. 3</., how much is that per lb.? 
Here the term, like the answer, is £21 12«. 3<f. ; and as the answer is 
evidently leas than that, the term must he diminished. 

Hence answer=£21 12«. 3rf. x , \^ =£21|§ xLyI 

19 cwt. 2qr. ^^ 78 28 

1729 240d^ II. 
X X — X — esoa 



80 1 78 28 

If a man is paid half as much more than a boy, and 16 men and 
5 boys earn £16 1«. 5(1, what would 100 boys earn in the same time? 

The 16 men and 5 boys must earn as much as 29 hoys, and the term 

like the answer, £16 Is. 5d., must eyidently be increased, 

xj iPiij 1 cj 100 /»,^iT 100 £3857 100 

Hence answer=£l6 U. 5d. x — = £16^ x — « x — 



29 **** 29 240 29 



^^^^-£55 8a.4</. 



12 

It must be repeated^ however, that this method of work- 
ing is not so good, in many respects, as that previously 
given, namely^ first determining the nature of the proportion, 
and then putting one or the other term in the numerator of 
the fraction accordingly. 

fix. 31. 

1. If 3| oz. of gold dust are worth £12 5*., what is the value of 
1 lb. 5 oz. 7 dwt. ? 



I 
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3. If 17 cwt. of sugar cost £3 4s, 5(2., how much will 56 cwt. cost ? 
S. Sound travels at the rate of 1140 feet in a second. How long 

will it take to travel 2 miles 3 furlongs ? 

4. If 18 lb. of sugar cost Bs. 0|</., what will be the price of 2 cwt, 
Iqr. 41b.? 

5. Mercury is 13*58 times heavier than water. What is the height 
of a column of water that can be just supported by the pressure of the 
air, supposing the barometer to be at SO inches ? 

6. A piece of land is divided into 113 allotments, each containing 
1 rood 8 yards. How many would there have been if each had con- 
tained I rood 12 perches 9 yards ? 

7. If I of I of 5 cwt. cost £S Is, 10|J., what is the value of ^ of 
Eton? 

8. If a gentleman pays income-tax at 7d in the £, amounting to 
£17 9#. 5d, what is his net income ? 

9. The express to the north reaches Carlisle, 300 miles from London, 
in 7| hours; how long would a luggage train going at | of the speed 
take to perform the journey ? 

10. If f of -025 of 4^ loads cost 2s. 6(/., how much is that per 
bushel ? 

11. If 1 lb. 6 oa. 3 dwt. 8 gr. of gold is worth £68 2s, 6^., how much 
is that per oz.? 

12. A Prench * metre ' being equal to 39*371 inches, find the nam* 
ber of metres in an English mile correct to three places of decimals. 

13. If 6500 tiles 4| inches long and 2| inches broad be required to 
pave a certain space, what number would have been wanted of tiles 6^ 
in. long and 5| in. broad ? 

14. A man buys a number of old books for £5, and expects to make 
£2 lOs. profit by selling them at an average price of Sd. a volume. He 
actually only obtains ^d, a volume. What profit does he make ? 

15. A man who owns | of a ship sells | of his share for £250 to 
Another who already owns f of the ship« What is the value of the shares 
belonging to other persons ? 

16. A certain sum of money lasts 195 days when it is spent at the 
rate of £4 4^. a week. How long would it have lasted if spent at the 
rate of £2 12«. 6rf. per week ? 

17. If 3*125 of 18*4 of 12 men can finish a piece of work in 5j days, 
in how many days would 23 men finish it ? 

18. If £16 4s. is paid for lodgings from July 10 to Nov, 22, what 
should be paid from Sep. 3 to Oct. 28 ? 

19. 1365 feet of timber are sold for £20 9s, 6d., one-fifth of which 
is profit, yind the cost price of 100 feet. 
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20. K •428571 of 8-d5l of 13 cwt 2 qr. of bread cost £16 18«., What 
shoald be the price of a 4 lb. loaf ? 

Hitherto questions have been proposed in which the 
answer differs from the third term only in consequence of 
a change in some one circumstance. Thus, in the question^ 
J£ 8 men dig a ditch 100 yards long in a day, how many 
men will be required to dig a ditch 350 yards long in ihe 
same time ? the answer, which is 28 men, depends upon 
the 8 men given in the question, and upon a certain sup- 
posed change in the length of the ditch. Changes of other 
circumstances would, however, also alter the number of men 
requisite ; as, for instance, a difference in the time allowed, 
the number of working hours in the day, the width and 
depth of the ditch. And several of such supposed changes 
might be contained in the same question, which would then 
become an example in Compound Proportion^ or, as it is 
sometimes called. Double Rule of Three, As an example, 
take the question : If 8 men dig a ditch 100 yards long, 
2 feet wide, and 1^ deep, in 1 day of 10 working hours, 
how many men would be required to dig a ditch 350 yards 
long, 3 feet wide, and 1^ deep, in 3 days of 8 working 
hours ? Now in this, and all other examples of Compound 
Proportion, it must be noted that there is an odd number of 
terms — in this case 1 1 — ^given ; that one of these terms — in 
this case 8 men — is of the same kind as the answer, and that 
the others may be arranged in pairs of terms of a like kind, 
one of each pair being contained in the supposition, and 
the other in the demand. Each pair must have its influence 
in altering the value of the answer, and hence the term 
like the answer must be multiplied by the fractions formed 
by the pairs of terms, the term in the demand being nume- 
rator where the proportion is direct, and the term in the 
*«(ppo«^o»beingnumerator where the proportion is inverse. 
In the question just proposed, we first consider that the 
number of men is directly proportional to the length, width, 
and depth of the ditch, and inversely proportional to the 
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number of days and the number of working hours in each 
day. The answer will then be— 

350 yds. 3 ft. l^ft. 1 day 10 hrs. ^ 
8 men x ^^ y^s. ^2 K. ^ 1^ ft. ^ 3 days ^ 8 hrs. 

men 

8 350 3 6 1 10 „, 

i^Iob^2^5^3^T=2^'"^°- 

If the 4 lb. loaf costs 7|cf. when wheat is 50 shillings per qnarter, 
what should be paid per cwt for bread when wheat is 60 shillings per 
quarter? 

Here the term like the answer is 7|i., and i^rice is directly propor- 
tional to the weight boaght, and the price of wheat. 

„ ^1. 1121b. 60 shillings 5«- .112^60 ^, , 

Hence answer ^TJa. x — — - x- — -___n,=i~.x ,-- x^as£l l*. 

^ 4 lb. 50 shillings 8 4 50 

If 25 men earn £37 lOs, in 5 days, how long will it take 3 men to 
earn £7 4s,? 

Here the term like the answer is 5 days, and the time of earning is 
directly proportional to th^ amount to be earned, and inyersely propor- 
tional to the number of men. 

XT ^ A £7 As, 25 days 144 25 „ , 

Hence answer « 5 days x x — = — £_ x — x _ =8 days. 

'' £37 10«. 3 1 750 3 '' 

A question in Compound Proportion is equivalent to two 
or more questions in Single Bule of Three. Thus the last 
example might have been separated into two, and worked 
thus : — 

If 25 men earn £37 lOs, in five days, how long will they take to earn 

£7 4s. ? 

„ . ^ £7 4*. 5 days 144 24, „ ' 
Here answer =5 days x -^ = i- x — =_day. 

•^ £37 10s. 1 750 25 '^ 

24 

Again. If 25 men earn £7 4s. in — day, how long will 3 men 

take to earn the same amount? 

24 25 men 24 25 

Here answer = -— day x = — day x -1 =8 days as before. 

25 8 men 25 ^ 3 "^ 

And as an example of Compound Proportion is merely a 
combination of several Single Rule of Three questions, the 
rule that has been given as sometimes practically useful for 
these may be modified so as to suit the more complicated 
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case^ being as follows : Increase or diminish the term like 
the answer in the ratios indicated hy the other pairs oftermsy 
the question whether there should be increase or diminution 
being settled as if the term like the answer and any pair 
constituted the three terms of a Single Rule of Three 
question. 

Thus. If the carpet of a room cost £Z 13«., the carpet being | jd. 
wide and 2«. Zd, a yard; what would it cost if it were 1 jd. wide and 
3«. 6 J. a yard? Here the cost will be less than jSS 12«. in consequence 
of the increased width, and more than £3 12«. in conseqaence of the 
increased price. 

Hence an8wer«£3 12*. x t-4" ^ ??i^-^ x 1 x ll=:£4 4*. 

1 yd. 2«. 3d 5 4 9 

A man travels 600 miles in 27 days when the day is 13| hours long; 
how many days will he require to travel 370 miles when the day is 12 
hours long? Here the number of days will be less than 27 on account 
of the decreased distance, and more than 27 on account of the dimin- 
ished length of the day. 

Hence answer »c • 

a*f ^-«- '"J^O miles 13j hours 27 ,„„„ 370 40 , ^i j 

27 days x ---- — -— x — -?_ — — days x — x — = 18j days. 

^ 600 miles 12 hours 1 "^ 600 36 ^ ^ 

As was stated before, this method of treating questions 
in Proportion is inferior to that previously given. It may 
be used, however, with advantage as a check upon the ac- 
curacy with which the former method has been applied. 

t 

. ss. sa. 

1. If 18 men can do a certain piece of work in 12 days of 8 hours, 
how many men will be required to do as much in 24 days of 9 hours ? 

2. If 25 horses can be kept 13 days for £32 10«., how many can be 
kept 6 weeks for 20 guineas ? 

3. A tradesman reduces the price of a number of articles from 7«. to 
6«. and thereby sells 8 in the time he formerly sold 5. The cost price 
being As, and his gains under the old system £Z 10«. a week, how much 
would he gain in 50 days after the alteration ? 

4. If on a tour of 8 weeks a party of 6 spend £228, how much would 
be spent by 10 persons* on a tour of 12 weeks in a country where 
travelling is only three-fourths as expensive ? 
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& If 23 tons 8 cwt 2 qr. 8 lb. can be carried 196 miles for jgl9 2s. Sd., 
ow much should be charged for taking 27 tons 2 cwt. 150 miles? 

6. If 2 clerks working 7| hours a day can copy 630 pages of 35 lines 
ach in 14 days, how many lines must there be in a page if 10 clerks 
'oridng 9 hours a day can copy 7560 pages in 24 days ? 

7. If proYisions for 155 persons for 48 days cost £325 10«., how long 
rill j£l73 5s, maintain 132 persons ? 

8. The carpet of a^ room being 27 inches wide and Ss, Sd, a yard, 
osts jSII lis. Find the cost of a carpet 36 inches wide, at Ss, Ad. 
yard. 

9. If the 4 lb. loaf cost 7d. when wheat is 42s. the quarter, what 
loold be the weight of a twopenny loaf when wheat is 48«. the 
narter ? 

10. Supposing that 5 colonial labourers are equivalent to 4 English, 
rhen working for the same time, and that the former are paid lOs. per 
ay of 7 working hours, while the latter receive 4s. 6d. per day of 10 
ours ; what would be paid in the colony for work which would cost 
;346 lOs. in England ? 

11. If in walking 10 miles in 3 hours, 11 steps are taken in 6 seconds, 
ow many steps | as long mtist be taken per minute in order to walk 
4 miles in 5| hours ? 

12. A man completes a journey of 540 miles in 15 days, travelling 
hours a day. In how many days would he perform a journey of 945 

liles, travelling 10 hours a day, at the same rate ? 

MISCELLANEOUS EXAMPLES ON CHAPTERS III. IV. V. 

1. Fmd the L. C. M. of 18, 22, 110, 3, 72, 88 ; and the G. C. M. of 
1489 and 46407. 

2. Findthevaluesof (i.)| + ?+2^+3^; (il)3|-4|+10-7^+5i; 

'^') H^' (^^-^ ^ ^^2| of if of A of £1 4*. 

3. Beduce to theur lowest terms §§§§ and f|§|. 

4. Find the fractions equivalent to the decimals '0375, 2*032, and 
5 135. 

5. Reduce to decimals ^, ^, and find the values of '8-^*04 ; 80-7- 
04; •008-S-40; '008 -^ '004. 

6. Keduce £S 1 5s. 6|(i. to the fraction of £5, and find the value of 
I of 17 cwt. 3 qr. 8 lb. 12 oz. 

7. If a steam-boat move 30 feet forward for each revolution of the 
>addle wheels, how many revolutions per minute will be required for it 
o go 270 miles in 24 hours ? 
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8. What is the cost of 43 yards 2 feet 6 inches^ of oilcloth at 4s, Bd. 
per yard ? 

9. Find the G. C. M. of 1^15 and 26730, and the L. C. M. of 18, 
24, 192, 72, 60. 

10. Add together 2|, 4, f, 6^ 1^, and from this sum subtract 

11. Redace 3||, 11^ to decimals, anj M875, *629? to fractionsi 

12. Beduce |||ff§ to its lowest terms. 

13. Multiply 19*23 by -0024 and diride the product by 720. 

14. Find what fraction 2«. 3^. is of £10, and find the value of 3^ 
of 1 ton 18 cwt. 1 qr. 

15. Express fd. as the decimal of jSIOO, and find th^ value of *7825 
of 12«. ed. 

16. What quantity of oats at Bs. a bushel would pay for half a mfle 
of draining pipes, each pipe being 16 inches in length, and the price 
£1 5». per 100 ? 

17. After paying a tax of 7d. in the £ on his income, a gentleman 
lays by f of the remainder and spends £5 16«. 6dl a week. What is 
his gross annual income ? (I year « 52 weeks.) 

18. Find the value of 6 acres 2 roods 20 perches at £2 58. 6(2. 
per acre. 

: 19. If by working 9 hours a day 8 men can earn £450 in 25 weeks, 
how many men must work 8 hours to earn £120 in 4 weeks ? 

20. Find the G. C. M. of 26400 and 5104, and the L. C. M. of 24, 
15, 8, 45, 36. 

21. Reduce to their lowest terms ^, |S|§, and ||JgJ. 

22. Find by Practice the value of 3 tons 5 cwt. 2 qr. 12 lb. at £16 16*. 
per ton, and obtain the same result by Rule of Three. 

23. Add together 4f, 3f, ||, 6|, ^, and reduce to fractions 4*9t, 
•17-106039. 

24. A father being 38 years of age and his son 6, how long will it 
be before the son is half the age of his father ? 

25. A grandfather is 78 and his grandson 18 years of age. Find 
how long ago the grandfather was 5 times as old as his grandson, and 
also what was the age of the latter when the grandfather was 877 times 
as old. 

26. A winding road up a mountain has a uniform rise of 220 feet 
in a mile, and the cost of making it is 4s. 6d per linear yard; what 
would be the expense of carrying it to a height of 2000 feet ? 

27. Find the value of 2^ of 23 bushels 1 peck 1 gallon, and redace 
8 dwt. 12 gr. to the fraction of 3 lb. troy. 

28. Find the area of a room 18 ft 9 in. long, and 13 ft. 9 in. wide^ 
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tiie nrnnber of jards of carpet 2 ft. 1 in. in widtli necessary to cover it, 
and the cost of the carpet at 2«. Sd, per yard. 

29. Find the ralne of *08375 of 7 cwt and reduce 16 lb. 10 oz. to 
the decimal of a ton. 

Sa Multiply 14*1 7S7804d by *0088 1 9 1. 

31. A rod of brickwork being 272| square yards 14 inches thick, 
how many bricks 9 inches long, 4| inches broad, and 2| inches thick 
wonld it contain, supposing that the mortar occupied ^ of the whole 
space of the work ? 

32. The gas burned in a house between Sep. 29 and Dec 31 costs 
198. 4^. at 4s, 2d. per 1000 feet. What is the average daily con- 
sumption ? 

33. A father leaves | his money to his eldest son, fas much to 
his second son, and £500 each to his two daughters. What does he 
leave altogether ? 

34. What will be the cost of -I — ^ii^ of 1 OS of 3 qr. 4 lb. of sugar 

J§ + 20626 ^ ^ 

at 3|J. per lb. ? 

35. What is the value of a silver cup weighing 13 oz. 3 dwt. 18 gr. 
at 5& 4d. per oz. ? ' 

36. The carpet for a room 21 ft. 6 in. long and 17 ft. 11 in. wide costs 
5 times as m^ch is the paper, and its width is ^, and its cost per yard 
12| times that of the paper. Find the height of the room. 

37. Find the value of -285714 of £3 + -629 of 9s. + 7*342 of 2«. 6d:, 
and reduce the result to the decimal of ff of £5 28. Sd. 

38. Multiply £14 3«. 2d. by 2*065, and divide 2 miles 1 furlong 
140 yards by 1*2125. 

39. Tfaere are two competing lines of omnibuses along the same 
road. The first consists of 20 omnibuses, each making the double 
journey 5 times in a day, and taking on the average 9^. each way. 
The second consists of 15, going and returning 6 times in a day, and 
taking an average of 7s. ScL The profits of the second line, which are 
I of the total receipts, are | of the profits of the first line. What 
fraction of the receipts of the first line are profits ? 

40. The ratio of the circumference to the diameter of a circle is 

equal to sixteen times the infinite series + — + &c., 

^ 5 3x5" 6x6» 7x6' 

minus four times the infinite series + — — &c. Find 

239 3 X 239» 6 x 239* 

the value of this ratio correct to 6 places of decimals. 

41. If 17 acres 3 roods 800 yards cost £72 58. 2d.j what will be the 
price of 2 roods 15 perches ? 
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42. A clock is 5 minutes slow at 10 P.X. Sep. 37, and 4*1 4d minntes 
fast at 20 minutes to 7 p.m. Oct 4. At what time was the clock exactly 
rightj'and what would be the true time when the clock indicated 5 br. 
36 m. 5 sec A.1L on Oct 6 ? 

43. If '2875 of a pint of oil is worth 1 *509375dy what should be given 
for 9 gallons ? 

44. Beduce '^^^f x 1'6^'25-0178 to a decimal. 

•369^ 1-34 + ^ 

45. Find the value of '530d x 3*428571 x •625 x 2*43902 x -64615^ x 
4*1 of 1 mile 5 fur. 

46. Find, without calculating the decimals themselves, the numbers 
of non-circulating and circulating figures in the decimals equivalent to the 

foUowingfractionsjil^L^:^- . llii^. 1 min. 21 sec a^i x ||| x m 
^ 111b. av. ' 41 years * 14 wk. 3 days' '^ «* »»* 

47. If 2 tons 3 cwt 1 qr. 3|lb. of iron cost £6*925, how much may 
be bought for ^6*9 6? 

48. If first, second, and third-class railway fares are in the propor* 
tion of 9 : 7 : 4 ; and 31, 43, and 67 passengers bj each class respec- 
tively can go 25 miles for £22 Is. 8dL, how far can 1 1 first-class, 87 
second-class, and 53 third-class go for £31 15«. 5(i.? 

49. Find the value of the infinite series 2 + J+- — + f 

* 2x3 2x3x4 

^ + &c correct to 6 places of decimals. 

2x3x4x5 *^ 

50. A certain weight less than 27 cwt when expressed as a decimal 
of that quantity has 4 decimal places, and when expressed as the decimal 
of 68| cwt has 2, there being in neither case any circulating period. 
Find what the weight must be. 
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CHAPTER VI. 

INTBBEST, STOCKS, AND EXCHANGE. 

Interest is the price paid for the use of money for any 
given time. When interest is proportional both to the 
amount used, which is called the Principal, and the time 
for which it is used, it is called Simple Interest To 
find how much interest is due in any particular case, we 
must therefore know what would be due on some fixed 
amount for some fixed time, and the question then becomes 
one of Compound Proportion. This fixed sum of money is 
by common consent £100, and the fixed time is 1 year, and 
interest at the rate of £4, £5, or £6 for this amount and this 
period is shortly termed interest at 4 per cent,, 5 per 
cent.f 6 per cent, respectively. Hence the question, ' What 
is the simple interest on £635 at 4 per cent, for 3 years?' 
is merely another and a shorter form of the question, 'If £4 
be paid for the use of £100 for 1 year, how much should be 
paid for the use of £635 for 3 years ? ' By using compound 
proportion we obtain at once : 

Required Interest^l x ??? x ?-?51«£76 4*. 
^ 1 100 1 5 

In cases of this kind, where arithmeticfd principles are 
applied to determine practical questions of frequent occur- 
rence, it is often convenient to have a general solution 
applicable to any special instance. Thus if R be considered 
to represent any rate per cent., T any time expressed in 
years or fractions of a year, and I the interest on any 

. . 1 T3 xt, T R ^ T PxRxT , 
principal P, then ^=3><Jo0^r" — lOO — ' ^^®^^® ^s 
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derived the ordinary rule for finding simple interest, Multi- 
ply the principal by the rate per cent., and by the number of 
years, and divide by 100. In applying this rule it will be 
found sometimes better to express the quantities as fractions, 
and sometimes better to use compound multiplication, and 
to divide by 100, by cutting off two figures towards the 
right. The principal, when increased by the interest, is 
called the amount, and hence^ if this be represented by the 
letter A, A=P+I. A statement of equality is called an 

PxR X T 
equation, and the two equations, 1= — . — andA=P+I, 

contain in a concise form the whole theory of simple 
interest. The following are examples : 

Find the interest on £340 12«. Gci. for 2| years at 4| per cent 

340|x2jx4jx^=?!?5x!x?x JL«!??£=£35 l5s,SU 
® ^ " "° 8 3 2 100 64 * 

Find the interest on £711 Is. 4(2. for 1| years at 3 per cent. 

711i X If X f X ^=12^ X I X A-?!??i-£37 6«. 7|i<f. 
lo 4 T TO© jg 4 100 1000 ^ 

Find the amount, of £815 14«. 9d. at 3| per cent, for 2| years. 

£ s, d. 
815 14 9 
3J 



2447 4 3 

407 17 4^ Interest » £60 5 6J§§ 

2855 1 7i Principals 815 14 9 

h Amount «£876 2JJ§ 



5710 3 3 



317 4 7} 



60-27 7 lOj 
20 



5-47 



2? 74|^149 



5.74 100 200 

What is the amount of £1000 for 10 days at 5 per cent per annum? 

Here interest^^i^ x i? x A -^i22«£i 7,. 4firf. 

1 365 100 73 ^^ 

And therefore amount » £1001 7s. 4f§(2. 
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Find the interest on £531 Ss, 2d, at 5 per cent, from Dec. 31, 1861, 
Nov. I, 1863. 

Here the time is 1 year 305 days, or lf| years. And 

6 184 1 _67 

1 ** 73 ** 100 365 

£ 8, d, £ 8, d, 

531 8 2 365)35604 7 2(97 10 11^ 

67 3285 



3717 




2754 


8. d. 3186 




2555 


(67 X 6 8) ... 22 6 
(67 X 1 4) . . . 4 9 
(67x0 2). . . 11 

35604 7 


8 

4 
2 

2 


199 
20 

8987 
3650 

337 
12 

4046 




• 


4015 



Interest »£97 10 11^ 



31 

Bz. 33. 

1. Pind the interest on £362 XOs, for 5 years at 4 per cent. 

2. Find the interest on £463 17«. 6d for 2| years at 3| per cent 

3. Find the amount of £l 1 3 1 5«. for 7 years 5 months at 4| per cent. 

4. Find the interest on £225 8«. for 9 years 2 months at 6^ per cent. 

5. Find the amount of £78 7«. 6(/. for 4| years at 5 per cent. 

6. Find the amount of £1192 for 3| years at 4 per cent. 

7. Find the interest on £739 6«. Zd, for 5 years 219 days at 3| per 
cent. 

8. Find the amount of £273 14«. wyt. for 3 years 45 days, at 5 per 
cent. 

9. Find the interest on £2000, from Jan. 5 to Feb. 9, at 6 per cent. 
10. Find the interest on £815 19«. 4|^. from Jan. 1, 1857, to Mar. 

14, 1860, at 3| per cent 

Of the five quantities, P, A, R, T, I, any three being 
given except P, A, I, the rest may be found by ordinary 
proportion. The reason why the three, P, A, I, may not be 
given to find the rest is that these three have between 
themselves the relation P+I=A, making each dependent 
on the other two, so that what is apparently giving three 
quantities is in reality only giving two. The pupil who is 
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acquainted with elementaiy geometry may call to mind a 
corresponding exception in the determination of triangles. 
From any three out of the seven particulars of a triangle— 
the three sides, the three angles, and the area — the other 
four may be determined ; but to this rule there is one 
exception. The three angles must not be the particulars 
given, inasmuch as these have a relation among themselves, 
their sum being equal to two right angles. Of the five 
quantities, P, A, R, T, I, three may be chosen in ten 
different ways, and we will consider these in order. It 
must, however, be premised that whenever any two of the 
quantiti^ P, A, I are known, the three may be considered 
as known. Thus if P E A are given, we may consider that 
P R A I are given, as I may be found at once by subtract- 
ing P from A. 

(1) F B T given. This case has ahead/ been fully considered. 

(2) IRTgiven. HereP=£l00x Interest 



Interest on £100 for same time 

£100 X --L-, 
RxT 

(3) ARTgiven. Here P « £100 x Amount 

:£100X 



Amount of £100 in same time 
A 



100 + (KxT) 
(4) (5) (6) P I R, or P A R,or A I p. HereT Interest 



Interestforlrear 
PxR 

' ^ • 100 

(7) (8) (9) PIT,orPAT,orAIT. HereR= Interest 



Interest at 1 per cent. 
PxT 
100 

(10) P A I given. This is the exceptional case from which nothing 
can be found. The following are examples of these general mles. 

Example of (2). What principal will produce £20 5«. ed, interest, in 
1| jears at 6 per cent ? 

Here interest on £100 for same time==|xf, therefore required 

principal = 'i£x20jj xlx2 = 122.811 , 4,l._8n_^70fi..8i 
^1. 5 6 1 40 5 6 3 
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Example of (3). What principal would amount to £878 16s. 6i. in 
a^ years at 3f per cent? 

Bete amount of £100 in same time =100+ (^ x !Aj a £120, there- 

. J . . 1 100 o-o« 1 100 34953 1 116S1 
fore required principals — x 873|g x __ = __ x ^Ir_ x _«'_i^!!i 
^ r *- I *** 120 1 40 120 16 

a £7^8 3s. 9d, 

Example of (5). In what time would £650 amount to £734 10s. at 

3 per cent. ? 

Here interest for 1 year « 650 x — therefore required time 

100 ^ 

o>ii 1 100 169^ I 100 13 ^1 
ss84xx — X — = — x — X — = ——4* years. 

* 650 3 2 650 3 3 ^ ''^ 
Example of (9). At what rate per cent, would a certain principal 
in 2| years produce £58 16s. interest^ and consequently increase to 
£618 16s. 
Here the principal must be £560, and the interest at 1 per cent, would be 

560 X _ X — therefore required rate per cent. = 58| x -i_ x ? x 1?? 
3 100, '^ 560 7 1 

294 1 3 100 9 .1 

- X x-x^_Bs-=4J. 



. 5 560 7 1 2 

Ex. 3ft. 

1. In what time would £800 increase to £1020 at 6 per cent.? 

2. At what rate per cent, would £7 63 2s. ed. prod uce £ 1 33 1 Os. 1 1 1{/. 
interest in 5 years? 

3. A certain principal, invested at 7^ per cent., produces £251 Is. 3d. 
interest, and consequently increases to £1255 6s. 3d, Find the time. 

4. What principal would in 3 years, at 4 per cent., produce £68 6s. 3d, 
interest? 

5. At what rate per cent, would £115 4s. increase to £154 16s. in 

6J years? 

6. In what time would £983 10s. 3ff/. produce £78 13s. 7|rf. interest 
at 4 per cent. ? 

7. The interest being £184 4s. 4if/., the amount £866 10s. 2|d, and 
the time 4| years, find the rate per cent. 

8. What principal would in 1§ years, at 3 per cent, increase to 
£1996 14s. S^d, 

9. For how many years and days would £17 17s. 6d, be the interest 
wi £86 19s. lOd, at 5 per cent? 

10. At what rate per cent would £53 8s. 9d, produce £13 Is, 3d. 
interest in 2| years? 

G 



122 DISCOUNT. 

If a sum of money be due at some future time, and it be 
required to determine the worth of that debt now, or the 
present value, as it is called, the question is one belong- 
ing to case (3). The difference between the present value 
and the amount due is called the Discount For the amount 
due, the present value, the time, the rate per cent., and the 
'discount, put the letters A P T R D. Then from case (3) 

we have P= 100 x ,^^ . ,Tr> — 7fr. or P= A x 



100+(RxT) lOO-f(RxT). 

Also from our definition of discount D=A— P. These two 
equations contain in themselves the whole theory of dis- 
count. 

If we wish to find D -w^ithout previously finding P, and 
subtracting, we must proceed in the following manner:— 
In a certain time, T, £100 would have amounted to £100+ 
(RxT). Hence the present value of £100+(RxT) due 
T years hence, is £100, and the discount is by subtraction 
RxT. Consequently the discount on any other sum of 
money, A, must be a proportional amount, and hence D= 

equations lead to' the following rules : — To find the present 
value, diminish the amount due in the ratio of £100 to £100 
together with the product of the rate and time. To find the 
discount, either find the present value, and subtract it from 
the amount due, or multiple/ the amount due by the ratio cj 
the product of the rate and time to £100 together with thai 
product. 

As an example, let it be required to find the present value of £375 7«.6(ii 
due 3 months hence, at 6 per cent. 

Here 6 x — « — = ^ l, and present yalue = 376| x ^. 
4 2^^ » lOlJ 

=2225x?2?=l27?_5^£369 16..6l|rf. 
8 203 29 ^® 

Next, to find the discount on £546 IS*. 4rf. for 6 months, at 5 percent 

Hero we maj either find the present value and subtract, or proceed thns* 

5 X 1=21 546§x-^«151?xA=l? = ;fil3 6«. Si 
^ ^ ^ 102i 3 205 3 
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The interest on £546 1 3s, 4d. for 6 months, at 5 per cent., 
would be 

It appears, therefore, that in this particular case the dis- 
count is less than, but nearly equal to, the interest, the 
difference between the two beiug 6s, Sd. For short periods, 
less than a jear, the difference between interest and discount 
is trifling, and it is for short periods generally that discount 
has to be calculated for practical purposes. Hence it is 
found convenient by merchants, bankers, and others, to sub- 
stitute interest for discount in their commercial transactions. 
The effect of this substitution is to obtain, at the expense 
of slight inaccuracy, greatly increased facilities of calcula- 
tion. Interest is more easily &nd quickly calculated than 
discount, and although for the purposes of merchants and 
bankers, these calculations are effected by means of tables 
which ^ive the required amount at a glance, there are, 
nevertheless, two important advantages gained by the sub- 
stitution — firstly, that instead of separate tables for interest 
and discount, one set for interest does all the work ; and, 
secondly, that the interest tables are more compact and 
more practically applicable than the discount tables. The 
latter advantage arises from the fact that interest is directly 
proportional to each of the three — principal, time, and rate 
per cent. ; while discount is proportional to the amount due, 
but is not proportional to time nor to rate per cent. 
Interest is used in the place of discount so extensively, 
that probably there is no instance of the employment of 
the latter. As an arithmetical exercise it is, however, use- 
ful to be able to calculate it, and questions wherein it 
is required are constantly set in examination papers. To 
prevent confusion, throughout the remainder of this book, 
the exact discount, which is found according to the prin- 
ciples that have been laid down, and which is not used 
in common life, will be called the true discount^, and the 

g2 
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amount commonly deducted from sums due at a future time 
will be called discount 

Of the various kinds of transactions in which discount is 
employed, it is only necessary to mention one as possessing 
any special peculiarity. That is the case of bills. A bill 
is a commercial document, drawn on a certain day, and 
undertaking the payment of a certain sum in a given time. 
This may be converted into ready money, or discounted, as 
it is termed, at any time before it becomes payable, and 
discount will then be deducted for the time intervening. 
The calculation of this deduction is merely an instance of 
the application of the rule for finding simple interest, but 
the following commercial regulations must be attended to :— 

Three days of grace are allowed, so that a bill drawn on 
May 14th, for three months, becomes legally due on August 
17th. Also, if' the bill would be nominally due on some im- 
possible date, as the 30th or 31st of February, or the 31st 
of September, it is considered nominally due on the last day 
of the month, and therefore legally due on the 3rd of the 
following month. If a bill would legally fall due on a 
Sunday, it is, in Great Britain, payable on the Saturday; 
and in Ireland on the Monday. 

- Find the discount on a bill far £500, drawn March 13th, at 3 months, 

and discounted April 5th, at 6 per cent. 

Here from April 5th to June 16th there are 72 days; therefore discount- 

1 1 365 100 73 ^ 

The following particulars with regard to true discount 
may serve to explain its nature more clearly: — 

1. The common practice of charging interest instead of 
true discount, when bills are converted into money, deviates 
from accuracy in this one respect, that a loan is made, and 
the interest on that loan is asked for at once, instead of 
being demanded when it has accrued in the regular course 
of time. Thus, if a merchant take a bill at three months 
for £100, and give cash for it, he virtually lends £100 for 
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ifaree months, and at the expiration of that time he might 
fairly demand three months' interest. But, instead of wait- 
ing, he makes the charge at once, and thereby obtains a 
little more than his due. What he ought to charge would 
obviously be the true present value of the interest. Hence 
the following relations hold good with regard to the interest 
and true discount on any sum : — 

True Discount^=^true present value of interest 

Interest=^the amount of the true discount for given time. 

Difference between true discount and interest= either the 
true discount on the interest, or the interest on the true discount. 

To illustrate these points by an example, we will take the 
case of ^410 at 5 per cent, for 6 months'. Here the interest 
is j^lO 5s,y and the true discount is £10; and we find that for 
the given time, and at the given rate, £10 is the true present 
value of £10 5s.y and £10 5s, is the amount of £10, while 
the difference, 05., between the interest and true discount is 
the true discount on £10 5s., and is also the interest on £10. 

2. A curious relation exists between the fractions which 
respectively indicate the ratios that the interest and true dis- 
count bear to the sum on which they are calculated. Expressed 

generally, these fractions are ■ and 



100 100 + (R xT). 

Now it may be noticed that in these the numerators are the 
same, while the denominator of the second is the sum of the 
numerator and denominator of the first. We may, from 
this relation, at once deduce true discount from interest, or 
interest from true discount. Thus, suppose that the 
interest on any sum of money were ^^ of that sum, then the 
true discount must be -^^^ of the same. Again, true discount 
being yf^, interest would be y^ of the amount on which 
either was charged. 

Zhc. 35. 

1. Find the trae discount on £275 Ss. 9d. for 1 year at 5 per cent 

2. Find the true discount on £5i Ss. Id. for 6 months at 5 per cent. 

3. Find the true present value of £420 I2s, 3d., due 9 months hence, 
at 6 per cent. 
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4. How much per cent., upon the amount due, is the difference be< 
tween true and common discount in the case of bills at 3 months, interest 
being 6 per cent. ? 

5. Find the discount on a bill for £400 drawn Maj 9th, at 3 months, 
and discounted June 12th, at 8 per cent. 

6. Find the discount on a bill for £69 7s., drawn June 14th, at 90 
dajs, and discounted July 27th, at 5 per cent. 

7. Find the discount on a bill for £580, drawn March 4th, at 6 
months, and discounted April 14th, at 7| per cent 

8. At what rate per cent would the true discount for 5 months be 
:^ of the amount due? 

9. If the interest on £263 IBs. for a certain time be £14 lOJs. l|(f.,by 
how much is that greater than the true discount for the same time? 

10. If the true discount and the interest, both at 4 per cent, are in the 
ratio of 25 to 27, find the time. 

When a sum of money is put out at interest, the interest 
itself may, as it becomes due, be employed in the same 
manner. Where this is done, the interest being added to 
the principal at stated intervals of time, the money is said 
to be put out at Compound Interest For the present we 
shall confine our attention to cases where the interval is one 
year, that being the general custom. The method of calcula- 
tion usually given is by successive applications of the rule 
for finding simple interest. Thus, to find the. compound 
interest on £600 for 3 years at 5 per cent.: — Here interest 
for 1st year=-^5^ X y^=£30, and adding this to the prin- 
cipal, there results £630 as the amount on which interest 
will be paid in the second year. Hence interest for second 
year=-S^XY^=£31 105., and the amount at the end of 
the second year will be £661 10*. Lastly, third year's 
interest=661^ x y^=£33 1*. 6J., and the final amount 
will be £694 1 1*. 6ef., thus making the compound interest 
received £694 ll5. 6d, minus £600, or £94 11*. 6d. Again, 
let it be required to find the amount of £735 10*. 2d, at 
3f per cent, compound interest, for 4 years. To find this 
exactly to the precise fraction of a penny, would require 
many figures and much labour. It will, therefore, be only 
approximately worked out. 
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£ 8, (L 


£ 8. d. 


£ 8, d. 


£ 8, 


d 


735 10 2 


735 10 2 


762 9 6-5 


790 8 


8-3 


11 


26 19 4-5 


27 19 1-8 


28 19 


7-8 



3 )8090 11 10 762 9 e'S 790 8 8*3 

26-96 17 3»3 Li ' li 

20 3)8387 4 11-5 3)8694 15 7*3 



19-37 27*95 14 11*8 28*98 5 2*4 

12 20 20 



4-473 1914 19-65 

12 12 



819 8 


4-1 




11 


)9013 11 


9-1 


80-04 10 


7 


20 




90 




12 





1-798 7-824 10-87 

£819 8 4-1 

30 10-9 Amount at end of 4 years :« £849 95. 3d: 

£849 9 3 

From this example it will be seen how long and tedious 
the calculation of compound interest would be where the 
time was several years. In the numerous cases in which such 
calculations are required, they are generally performed by 
the aid of tables. Compound Interest is proportional to the 
principal, but not to the time nor to the rate per cent., so 
that the tables must give the compound interest on some 
given sum of money, generally £1 or £100, for all the 
usually required periods, at the usual rates per cept. 
Calculations of compound interest may be made rapidly 
and easily without these tables, by the aid of a powerful 
assistant to computation, called Logarithms. A brief ex- 
planation of the nature and use of logarithms will be 
given in the next chapter. In order, however, to apply 
them to compound interest, a somewhat different way of 
viewing the question must be employed. To illustrate this, 
we will again refer to the two examples already worked out. 
First, to find the compound interest on £600 for 3 years, at 
5 per cent. At the end of the first year, the interest being 
•j^^ of the principal, it is clear that the amount will be 
greater than the principal in the ratio of 105 to 100. The 
amount at the end of the first year becomes a new principal 
for the second, and increases throughout that year in^ like 
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manner. Therefore, at the end of the second year, the 

amount must be 600 x {%% x \%%^ and at the end of the third 

year the amount is 600 x {%^ x \%^ X |^. Actually working 

this out, we obtain ^^ x |^ x fj x |J=-a^^=£694 lls.Gd, 

as we found before. In general, P being the principal, the 

effect of the addition of each year's interest is to multiply 

1004-R 
P by the fraction — . And this is done as ipany times 

as there are years, and hence P is altogether multiplied by 

100 I R 

— - J" raised to the Tth power, or if A= amount, A=Px 

( — yr^w— j • Applying this equation to the second example 

just worked, namely, to find the amount of £735 10*. 2d. 
at 3f per cent, compound interest, for 4 years, we have 

£735 105. 2c/. = £735-5083 ; l^-±^t = |^, and hence 

lUU o\j\j I 

Amount=:£735-5083 x (f^)*. By the aid of logarithms I 
the value of this expression might be easily found in two 
minutes. 

The present value of any amount due may be calculated 
upon the supposition of compound interest as well as in the 
former manner, thus giving a different kind of present 
value from that formerly found, and by subtraction from 
the amount due, giving a different kind of discount. Such 
a present value would be amount x £100 -s- amount of £100 
in given time at compound interest. 

Thns, to find the present value of £167 4s, 3d,, due 3 years hence, at 
5 per cent, compound interest. In 3 years £100 would amount to 
£115 15*. 3d, and therefore required present value =167^^^ x lOO-j-USfJ 

40131 100 80 1300 ^,.. . .^g, 
240 1 9261 9 ^ 

The general solution of questions of this kind would be 
that since A=P x ( — [qq^ J therefore P= A-s- f ^^ -j , 
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or, which is the same thing, P— Ax f j^r) , o ) • "^^^ 

value of this expression in any particular case is at once 
obtained by logarithms. One great difference between this 
mode of estimating present value and that depending upon 
simple interest is, that whereas the latter is perhaps never 
used, the former is constantly employed in numerous kinds 
of transactions. In insurance, annuities, reversions, and 
many other instances, such questions continually occur, and 
may be found from special tables, or easily calculated by 
logarithms. 

Although, as already mentioned, the interest is added to 
the principal, generally at intervals of one year, any other 
interval might be chosen, as six months, one month, a week, 
or a day. The general statement of a question in compound 
interest is, interest being added to the principal at given 
intervals, find the amount at the end of any given time. It 
is a question not unfrequently given as an exercise, and 
"which can easily be determined, though not by mere 
arithmetic, what would be the amount where interest was 
supposed to be added at infinitely small intervals of time ; 
that is to say, at intervals shorter than any we can assign, 
less, for example, than the thousand millionth part of a 
second. 

Find the compound interest on £251 0*. \Qd. for 2 years at 5 per 
cent, per annum, the interest being added every half-year. 

Here the number of intervals in the given time is 4, and the interest 
for one interval is 2| per cent. KecoUecting that 2| per cent, is the same 
as ^, and being contented with a very near approximation to actual 
exactness, the work will stand as follows: — 



£ 


*. 


d. 


£ «. 


d. 


40)251 
6 



5 


10 
6-25 


40)263 15 
6 11 


0-16 
10-50 


40)257 
6 


6 

8 


4-25 
7-91 


40)270 6 
6 15 


10-66 
2-07 


263 


15 


016 


277 2 
G 3 


0-73 



The amount is £217 
2s. 0*73rf., and con- 
sequently the com- 
pound interest is £2& 
\s. 2'7Bd. 
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Here the actuallj exact value is £277 2«. 0*72665915625^., so that the 
approximation just arrived at is true to between ^ and ^ of a penny. 

If we wished to put the question in a form adapted for 
calculation by logarithms, we should have R=2^, and T=4, 

and therefore the amount=£251 0^. lO^-xf'wyf )» or 

£251 0*. lOef. X (J^)*. 

One minor point remains to be noticed. The given time 
might contain some number of intervals and part of an 
interval, and in such a case, after calculating the amount 
up to the end of the last complete interval, the remaining 
interest must be calculated by the rule for simple interest 

Thus, to find the amount of £120 at 4 per cent. per.annum, compound 
interest, for 2 years and 5 months. Here £120 at 4 per cent compound 
interest, for 2 years, would amount to £129 15.9. 10^., and tbearaoant 
of this at simple interest for 5 months would be £131 19^. l^d. Hence 
total interest is £11 19*. 1^^. Note K. 

Ex. 36. 

1. Find the amount of £1024 for 3 years, at 6 J per cent, compound 
interest. 

2. Find the compound interest on £1627 12*. Id, for 4 years, at 4 
per cent. 

3. Find the amount of £600 at 6 per cent, for 3 years, compound 
interest. 

4. Find approximately the compound interest on £l 50 for 6 years, at 
5 per cent 

5. What is the present value of £507, due 2 years hence, at 4 per 
cent, compound interest. 

6. The amount at the end of 2 years at compound interest being 
£1478 15«., and at the end of 3 years being £1537 18«., find the original 
principal. 

7. Find the amount of £800 for 2 years, at 5 per cent per annum 
compound interest, the interest being reckoned half-yearly. 

8. Which would in 3 years produce the greatest amount, compound 
interest at 6, or simple interest at 6| per cent, and what would be the 
difference on a principal of £J000? 

9. Find the amount of £630 at 3| per cent, per annum, compound 
interest, for 2| years. 

10. The compound interest at 5 per cent for 2 years is greater than 
the simple interest for the same time by 7«. ScL Find the principal 
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As money unemployed is unproductive, always remaining 
the same in amount, yielding no profit and receiving no 
increase, its owners are generally anxious either to apply it 
to profitable use themselves, or to lend it to others willing 
to pay them for the privilege of doing so. They may, for 
this purpose, entrust it to traders or trading companies, or 
they may lend it to their own or to a foreign government. 
Just as the. prices of other commodities vary, so does the 
price paid for the use of money; but probably there is 
nothing else in which the variation of price is regulated by 
such numerous "and complicated causes. It is universally 
found that the best way of preventing inconvenience from a 
perpetually varying scale of prices is to establish a free, 
open, and comprehensive market. And whilst there are, 
accordingly, in London and other great cities, markets for 
corn, coals, wool, cotton, &c., so also is there a money 
market. In London this is established at the Stock Ex- 
change, and the prices paid by governments or public 
companies for the use of money are published in the news- 
papers daily, and in the City many times in the course of 
a day. It would, however, in practice be very difficult to 
adopt the apparently simplest mode of expressing the fluc- 
tuations in the price, namely, changing the rate of interest, 
for the changes would in this way be represented by small 
and exceedingly unmanageable fractions. But the same 
object is effected by a much more delicate method, namely 
that of stating the corresponding variations in the principal 
or sum lent. The questions given in arithmetical books 
under the head of ' Stocks,' whether they have reference to 
governments, railways, mines, or companies, are all based 
upon one principle, that a certain rate of interest is paid 
upon a nominal sum of money ^ which is worth a perpetually 
varying amount of actual money. 

Of these facilities for investing money, as it is termed, the 
Public Funds are the most important. In the reign of 
William and Mary money was lent to the Government, and 
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the amount, which was at first inconsiderable, has been 
since increased from time to time, until the National Debt 
has now reached the sum of about eight hundred millions. 
This borrowed money has been all spent ; it cannot now be 
employed in a productive manner, but the Government is, 
nevertheless, liable for the amount, and instead of paying it, 
provides the annual interest sufficient to pay those persons 
who choose to become for a time holders of a portion of the 
debt This annual interest is supplied by taxation, and so 
far as taxes are imposed for this object, they are the price 
paid by the public to ensure the good faith lof the Govern- 
ment towards the fundholders — a burden which the public 
are called upon to bear, inasmuch as it was by the expendi- 
ture of this money that England was preserved through 
many critical periods of history, to enjoy its present pros- 
perity, in which they have a direct interest. 

In the case of the Funds, the nominal sum of money is 
£100, and this may be worth any actual sum, more or less. 
The rate of interest is in most instances 3 per cent., and less 
commonly 2^, 3;^^, and 5. According to the different rates 
of interest, and the time when the debts bearing that 
interest originated, different names are given to different 
descriptions of Stocky as it is called. Thus, there are the 
'Consolidated Annuities,' or * Consols,' which constitute 
about one-half of the national debt ; there are the *New 
Three per cent. Annuities,' the * Three per cent. Reduced,* 
' Bank Stock,' and some others. If Consols are at 95, the 
meaning is that £95 will buy the nominal £100, on which 
£3 is paid annually. All questions in stocks are ordinary 
examples of proportion ; but the following rules will be 
found generally applicable : — 

To find money equal to stock. Multiply by ^ ^^^c® o^ stock 

j&lOO 

^100 
To find stock equal to money „ 



Price of stock 
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To find income arising from 1 ;|r //• / j. Rate per cent. 
stock. J ^ ^Py y £100 

m y? j'. • • /. Rate per cent. 
To find income arising from money. „ ^ 

Price of stock 

Before proceeding to give examples, the following par- 
ticulars with regard to stocks may be mentioned : — 

1 . The actual rate of interest on money in the Funds is 
always the lowest that is paid for money at all. The reason 
is because this kind of investment combines in itself advan- 
tages which are not all found together in any other kind. 
These advantages are three — first, the best possible security, 
the credit of the nation ; secondly, the power of drawing 
out our money any day we choose ; and, thirdly, the cer- 
tainty that the fluctuations in value of our investment will 
not be considerable. To these may be added the advantage, 
that the expenses of effecting or calling in any investment 
are trifling. 

Comparing the Public Funds with other securities, we 
see that in mortgages chances of fluctuation are avoided, 
but we cannot draw out our money when we please; and in 
mines and railways, where we can withdraw our investment 
at any time, the value of our shares may have increased or 
decreased in any proportion whatever. 

2. Stock is usually bought or sold through the agency of 
a broker, who finds a seller or a purchaser, as the case may 
require, and who charges, in the case of the Funds, \ per 
cent, commission for his services. Those who are ready 
in the market, either to buy or sell stock, announce two 
prices, generally differing by ^, the lower being their buying, 
and the higher their selling price. Thus, if Consols were 
quoted at 92f . . . ^, you would (taking accoujit of brokerage) 
realise from £100 stock £92 5^., and would have to pay for 
£\QO stock £92 12*. 6d. In stocks of other descriptions 
the charge for commission is different, and in the examples 
in this book, no allowance is to be made for brokerage unless 
expressly stated. 
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If Consols are at 93|, what is the actual rate of interest per cent. ? 

Since £3 is paid upon £93j, the rate per cent, is 3 x — -^ » 5 — = 3^. 

93^ 187 

What income would bo derived from investing £1380 3& 4d, in 

Consols, at 91? 

Here income = lS80| x ~ =???1 x A = ?1 =£45 10*. 

^91 6 91 2 

What sum must be invested in the 5 per cents., at 114, to produce an 

income of £95? 

95 
Here required amount = 114 x — »£2166. 

Is it more advantageous to invest in the 3 per cents, at 91, or in the 

2^ per cents, at 76, and what would be the difference in the incomes 

arising from investing £1729 in each? 

3 2^ 

The 3 per cents, yield — and the 2j per cents. -1 of the sum invested. 

^ "^ 91 * 7o 

These fractions, — and — . when reduced to a common denominator, 

91 162' 

are — — - and Hence the difference is of the sum in- 

13832 13832 13832 

1729 1 
vested, and on £1729 would be =>«2^. 6d. 

13832 8 

A man invests £2350 in the 3 per cents., at 93|, and on the price rising 

to 98, sells out and invests the money in 6 per cent, railway stock, at 

£144 15«. The brokerage for buying and selling the 3 per cents, being 

|, and for buying the railway stock | per cent., find the difference in his 

income? 

The effect of the brokerage is to make the buying and selling prices of 

the 3 per cents. 94 and 97| respectively, and the price of the railway 

stock £145. Therefore his first income »£2350x~ =£75. And his 

94 

A' jpooc/. 100^971 6 2350 100 783 6 405 
second mcomes=£2350 x -— x ,-7? x -— ~= x — x ! — x -iL=Ii_ 

94 100 145 1 94 800 145 4 
s:£l01 58, Therefore difference of income = £26 5«. 

A man invests £457 10«. 2d in Consols, at 93. What would he lose 
by their falling J per cent. ? 
His loss would be £| on every £93, and therefore would altogether be 

^^^ 93 120 186 720 ^^ 

Bx. 37. 

1. What must be given for £2750 Consols, at 95 J, brokerage being 
I per cent.? 
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2. What amount of Consols, at 97^, conld be bought for £1300? 

3. What must be the price of Consols when £2724 9s, Id, would be 
given for £2921 13*. 4d, stock? 

4. What income would be derived from investing £4857 15«. lod, 
m the 3 per cents., at 92 ? 

5. What is the price of Consols, when an income of £39 is derived 
irom investing £11^7 12«. 6d. ? 

6. The value of a man's 3 per cent, stock is diminished £12 10«. bj 
a fall of I per cent. What income does he derive from it? 

7. Which investment yields the larger income, the 3 per cents, at 97, 
or the 3^ per cents, at 105|, and on what amount invested would the 
difference be 15«.? 

8. What sum must be invested in the 3| per cents., at 90, to produce 
an income of 50 guineas? 

9. What is the actual rate of interest obtained, when New Zealand 
6 per cent, stock is bought at 110? 

10. Consols are bought at 92, a half-year's dividend is received, and 
they are sold at 94. The total increase of capital being £10 10«., find 
the amount invested. 

11. On Nov. 20, 1863, London and Westminster Bank shares are 
worth £79|, £20 having been paid up on each; Peninsular and Oriental 
Navigation shares are worth £84f, £50 having been paid up; and Consols 
are at 91|. What rates of interest on paid up capital must the Bank and 
'Navigation Company respectively pay, to make the three investments 
equally profitable? 

12. A man invests £645 15«. in Consols, and sells out when they 
have risen | per cent., thereby gaining 5 guineas. At what price did he 
sell? 

13. A man invests £551 58. in Consols, at 94|, and afterwards sells 
out at 96, and buys 5 per cent, railway debentures, at 112. Find the 
alteration in his income. 

14. The holder of certain bank shares, worth £13 58. each, proposes 
to sell them, and invest in 3| per cent, stock, at 102. He delays doing 
so, however, until the shares have fallen to £12 10«.j and the stock has 
risen to 104. Some time afterwards, having in the meanwhile received 
one half-yearly dividend, he sells out at 105§, and calculates that he 
altogether lost £212 88, 9d. by his delay. How many shares had he? 

Rates per cent, considered sometimes with reference to 
the abstract number 100, and sometimes with reference to 
the concrete number £100, have an immense variety of 
applications to practical purposes. It would be almost 
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impossible to furnish a complete list of these, but the 
following, which are some of the most important, are here 
given and illustrated by examples : — 

1 . We have seen that a certain rate per cent, is paid for 
the use of money, and that a percentage is charged by 
brokers for their services in buying or selling stock. 
Similarly, commission is charged upon the value of goods 
bought or sold by agents on account of other persons, and 
premium of insurance is a percentage paid to companies 
who undertake to pay a certain sum in the event of the 
death of the insurer, or his suffering loss by a house being 
burned, or a ship being wrecked. These different kinds of 
insurances are called Lifcy Fire, and Marine respectively. 
The principle may be extended to an endless variety of 
cases. There are at present societies for insuring against 
loss to your family from your death or injury by any acci- 
dent, or by railway accidents only, for providing main- 
tenance and medical attendance for you when ill, for paying 
funeral expenses, for insuring against loss by dishonest 
servants, bad debts, hail storms, cattle disease, breakage of 
plate-glass windows, and, in fact, against almost every kind 
of destruction of property. All questions connected with 
these subjects are merely questions of proportion. 

What is the premium on a life insarance for £5000, at £Z 78. 8d 
per cent.? 

Here3|gx522?==?25x5?=i^=£l69 Ss, Ad, 
^** 100 60 1 6 

What will be the annual cost of insuring a house worth £2000, the 

premium being Is. 6d. and the duty Ss. per cent.? What would it bftve 

been without the duty? 

The effect of the duty is to increase the cost threefold from Is. Bd, to 

4s. 6d., and hence cost of insurance =£2000 x -I x _— =s4l » £± lOt 
' 20 100 ^ 

Without the duty it would have been | as much, namely, £1 lOs, 

A man insures a vessel and cargo, worth £3700, at 7 J per cent. What 
premium must he pay so as in case of loss to receive the value of the 
vessel and cargo, and cost of insurance? 
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Each £100 insured coyers £92| worth of goods, and £7| premium besides. 

Hence required premium =?Z?2 x -^ =5^ x ii =£300. 
^ ^ 1 92J 1 185 

2. Rates per cent, are frequently applied to define the 
profit or loss upon commercial transactions. Thus, if tea, 
bought at 2s. 4d. per lb., were sold at 2s. 7^., the gain 
would be Z^d. on 2». 4d., and therefore on £100 it would be 

100x^ = 100x1= £12^, and the profit would thus be 
28 

12^ per cent. All questions of profit and loss are examples 

of proportion ; the following are, however, general rules : — 

Mate per cent of 'profit or loss =^ difference of cost and 
selling prices -5- cost price x£l 00. 

Selling prices cost price x £100 plus rate of profits £\Q0, 

£100 plus rate of profit^selling price -i- cost price x £100. 

In the second and third of these rules, if there is a loss, 
the rate of loss must be subtracted from £100. 

If paper is bought at ISs. a ream (20 quires), and sold at l^. 3d, a 
quire, what is the gain per cent.? 

5 X ?? X i- X l^=l?5?==£i38f. Therefore gain«38|per cent. 

A man bujs 2^ cwt. of tobacco, hoping to make a profit of 20 per 
cent, by selling it at 6«. per lb. He finds, however, that a fifth p^rt of 
it is so much damaged as to be worth to him only 2^. 6d per lb. Sup- 
posing that he charges Qs, Qd. per lb. for the remainder, what is his gain 
per cent., and what is his total gain? 

He sells | at 6«. 6d and ^ at 2«. 6c/- Now i x -— «_ and ^ x -= - there- 
^ ^ 6 2, 6^ 6 2 2, 

,|. . 26 . 1 67 mu * -^ 100 6 - 

Fore average selhng pnce « — + - = — s. The cost price = — x — = 5*. 

^ 5 2 10 120 1 

And _ xi X —2=114. Therefore the gain is 14 per cent., and the 
10 6 1 

* 1 . . 280 1 14 49 «o ,-„ 
total gain is — x - x ; — = — =£9. 16«. 
* 1 4 100 6 

If cheese can be sold for 7ld, a lb'., at a profit of 20 per cent, at what 
pi-ice must it be sold per lb. to gain 36 per cent.? 

2 120 2 ^ 

3. Bates per cent, are also employed in statistics, which 
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are nmneiical rep orts on Tirioos subjects. Thaa^ if ont of 
11,479 dimiiudsy 2735 could read sod write well, 1649 
could do both indifferentljy and 3627 oould read onlj, the 
first class would form a percentage of *-rrrT9 9 ^^ 23*826 
nearlj of the whole number. The second and third classes 
would be *^^V ^^ T^rr^y or about 14365 and 31597 
per cent, of the whole respectirelj, and the number, not 
included in these classes would be ^rrifv* or about 30*212 
per cent. 

In a hetarj where 560 woffaneo are emplojed, 10 per cent, receire 
35s. a week, 25 per cenL receiTe SOc, 50 per cent, receiye 25«., and the 
remainder 20*. Find how man j workmoi there are in each class, and 
the arerage rate-of wages? 

The first dass will contain 560 x ^or 56 men; the second 560 x J, or 
140; the third 560 x |, or 2S0. Since 85 per cent, of the men are thus 
accounted for, there remains in the fourth class 15 per cent, and this 
will amount to 560 x ^ or 84 men. The avoage rate of wages will be 
(^ X 35) + (i X 30) + (I X 25)+ (^ X 20)=3| + 7J+ 12| + 3=26j=£l 6«. 
6d 



1. What is the premium on a policjr of insorance for £3500 at 
£2 Ss, 9d. per cent.? 

2. K an agent's commission is £232 13«. lOdl on transactions to the 
amount of £4653 16«. Sd,, what does he charge per cent.? 

3. The premium and duty on a fire insurance are together 6i. 9(2. 
per cent., and amount to £6 8«. 3d, Find the sum assured. 

4. For what sum must goods worth £4800 he insured at 3 per cent, 
so that in case of loss the owner may recover both goods and premiam? 

5. At what price per lb. must soap, which cost £l lOs. per cwt., be 
sold so as to gain 40 per cent.? 

6. If eggs are bought at 6«. 8^. per 100, and on the average only ^ 
are actually sold, how much per cent, is gained by selling 5 for 6J.? 

7. The actual cost of 6 pianos being £114, a tradesman wishes to fix 
such a price as to allow him to take off 5 per cent, for cash payment, 
and yet gain 20 per cent on his outlay. What must he charge for each 

piano? 

8. A draper, after selling f of a quantity of merino at 20 per cent, 
profit, has the remainder damaged by a fire, and is obliged to sell it at 
15 per cent. loss. His gain on the whole being £3 98. 9(f., find the cost 
price of the merino. 
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9. If cheese could be sold at £3 7t. 1<^. per cwt., with a profit of 1 5 
per cent., what mast be charged per lb. so as to gain 28 per cent. ? 

10. Bj selling 24 instead of 25 bundles of firewood for Is., there is 
an additional gain of 5 per cent on the outlay. What was the cost price 
of 1,000? 

11. Bohemian glass contains 76 per cent, of silica, 15 of potash, 8 of 
lime, and 1 of alumina. Find the quantity of each respectively in 1 cwt. 
of glass. 

12. In the 20 years from 1841 to 1861, the population of England 
increased from 15,914,148 to 20,0^6,224, that of Scotland increased from 
2,620,184 to 3,062,294, and that of Ireland decreased from 8,175,124 
to 5,798,233. Find approximately (to two places of decimals) the rate 
per cent, of increase or decrease in each of the three, and in the three 
taken together. 

In all questions concerning concrete quantities that have 
hitherto been given, it has been assumed that our English 
standards of time, space, weight, and value are to be 
employed. But there are a great variety of questions of 
practical importance which involve not merely our standards 
of measurement, but those of foreign nations. As far as 
time is concerned there is no discrepancy, as the length of 
a day, and the succession of light and darkness has been 
fixed for us, and is not settled by ourselves ; but with 
regard to space, weight, . and value, different nations have 
adopted different systems of measurement. As to space and 
weight, however, this involves very little difficulty. When 
we have once ascertained that 100 English yards are equal 
in length to 91*43 French metres, it is merely a simple 
example of proportion to express any length whatever in 
the French measures : and similarly with respect to any 
other instance, it is merely necessary to know the ratio 
between the quantity expressed by the English word and 
the quantity expressed by the foreign word, and the whole 
relation between the two systems of measurement is de- 
termined. For example : — 

If in Turkey an *oke' of 400 drams =2*83 lb. avoirdupois, find how 
many okes and drams there are in 17 cwt. 11 lbs. 
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Hcre^^"^\V^^«-^lglJ^676'678. Therefore weight = 
2-83 lbs. 2-83 

C76 okes 271*2 drams. 

100 Engluh gallons being eqoal to 454*34 French litres, reduce 

8763*5 litres to English measure. 

Here "" "^ x 100 gallons ==1928*8 gallons. 
454-34 ^ ® 

Before proceeding to examine how far a similar method 
of comparison can be applied to standards of value, it is 
necessary to give a brief account of some of the most im- 
portant of these standards. 

In England, gold used for coin, or standard gold, contains 
22 parts hj weight of pure gold out of 24, and is called 
22 carats fine ; gold of any other degree of purity being 
similarly described. Thus, that which jewellers use for 
making watch cases is generally 18 carats fine, that is, con- 
tains ^1 of its weight of pure gold. No charge is made for 
coining gold, and any amount, worth not less than £10,000, 
brought to the Mint, will be made into coin, and redelivered 
in that form, without any deduction whatever. 

The weight of a sovereign being 123*274 grains troy, it 

follows that an ounce of standard gold is worth 

1^o*a74 

sovereigns, or £3 17*. lO^d, The Bank, however, when 
buying gold in bars, only give £3 17*. 9rf., and when selling 
gold charge the full price. Standard silver contains 37 
parts by weight of pure silver, out of 40. Out of a troy 
pound of this metal there are coined 66 shillings, so that 
the value of an ounce of standard silver, as deduced from 
this fact, would be ff shillings, or 5s, 6d. This is called 
the mint price of silver, but it is considerably in excess of 
the ordinary price of uncoined silver. The reason for this 
difference is, that the ratio of the values of silver and gold 
coins is fixed by authority, so that a shilling circulates as 
being worth ^^ of £1, while in reality it is probably not 
worth more than ■^, This arbitrary regulation is made 
because we choose to have all our measures of value 
dependent upon a gold standard, the sovereign; but it 
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would produce most pernicious consequences, and lead to 
endless confusion, if proper safeguards were not adopted. 

Thus, silver being practically worth about 5s, an ounce 
when uncoined, and 5s. 6d, when coined, it would be easy 
for any one to take a quantity of silver to the Mint, demand 
to have it coined, employ the money thus obtained in buying 
morie silver, and repeating the process with a loss to the 
Government every time. This consequence is prevented by 
vesting in the Crown solely the power of determining when 
and to what [amount silver shall be coined ; and this is so 
regulated as to keep the quantity such as is suited to the 
requirements of the nation. But another evil has to be 
guarded against. Silver being worth less than its circulat- 
ing value, will not command that value abroad, while a 
sovereign will never be subjected anywhere to much de- 
preciation. Consequently, most persons would think the 
gold decidedly preferable, and if they had money to pay, 
would choose to pay in silver, while they would try to 
bargain that debts to them should be paid in gold. The 
natural effect of this would be that the ratio between the 
values of gold and silver coins would alter in spite of the 
Government. To prevent this and other pernicious hin- 
drances to trade, it is enacted that silver is not a legal 
tender for more than 40^. 

In France the standard of value is the franc, a silver 
coin containing 9 parts by weight of pure silver, out of 10, 
and of such a weight that 200 are coined from a kilogramme, 
a weight containing 15434 grains troy. The napoleon is a 
gold coin, containing 9 parts by weight of pure gold, out of 
10, and of such a weight that 155 are coined from a kilo- 
gramme. 

In Amsterdam the standard of value is the florin, con- 
taining about 147^ grains of pure silver; and in Hamburgh 
the standard is the mark, containing about 106*1 grains. In 
these two countries, especially, it is however common to 
reckon amounts in bar gold or silver, the Amsterdam mint 
receiving gold at a fixed rate, and silver at a variable rate, 
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and the Hamburgh bank receiving silver at a fixed, and gold 
at a variable rate. 

The above particulars with regard to foreign money have 
been chiefly obtained from * Tate's Modern Cambist,* and 
' Tate's Counting-house Guide,* and from these works the 
pupil may obtain full information on all matters connected 
with this subject. They have been given in order to furnish 
materials for showing how far the former methods of com- 
parison may be applied to standards of value. 

Suppose that it were required to compare the values of a 

French franc and an Amsterdam florin. The franc contains 

^tw^ X T^=69*453 grains of pure silver, and therefore the 

1 47*03 
florin = f>q,Af:o =2*117 francs. Assuming that the coins are 

actually as good as they are represented to be, this would 
be the par of exchange between Paris and Amsterdam. 

Next, let us try to make a comparison between the French 
franc and the English shilling. Here we are met at once 
by the difficulty that the English shilling has an artificial 
value, so that it is impossible to derive a correct conclusion 
from merely comparing the quantity of fine metal in each. 
A shilling is ^\y of a sovereign, which is our standard of 
value, and the franc and the sovereign cannot be compared 
unless we commence by assuming some ratio to exist 
between the values of gold and silver. This is done some- 
what roughly by considering standard silver as worth 5«. 
an ounce. Thus, 1 franc contains 69*453 grains of pure 
silver, and £\ buys 4 ounces of silver f^ fine. Hence ^61= 

r X 77^ X— i— X .Tpr-r^ =25*5725 francs. On this or any other 
1 40 1 69*453 ^ 

estimate of the value of silver, tables of pars of exchange 
may be calculated. No estimate, however, of the compara- 
tive worth of silver and gold can be perfectly correct^ 
because the values of these metals are subject to continual 
variation, and the ratio between these values varies also. 
Consequently, the par of exchange between two countries, 
one of which uses a gold and the other a silver standard, 
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cannot be determined so as always to be accurately true. 
At the same time, by making an approximate estimate of 
the worth of one metal, expressed in terms of the other, we 
may obtain a par that will be practically useful as a basis for 
calculation. The assumption just made was that one sove- 
reign was worth four ounces of standard silver. Another 
assumption is also made for the purpose of comparison, 
namely, that a French napoleon is worth 20 francs. This 
is its nominal value in circulation, and is generally perhaps 
a trifle below its actual value. Now, a napoleon contains 
^ itl"^ X -j^ grains of pure gold, and a sovereign contains 
1.2^^4 X 2 2. Therefore £1 is worth u.3j2^4 x |f x V x 
■x^4^=l '26094 napoleons. Consequently, on the assump- 
tion just mentioned, we should find that £1 was worth 
20 X 1 •26094=25-2188 francs. Of the two pars of exchange 
between London and Paris, that first found, of 255725, is 
called the silver par, and the latter, of 25*2188, is called the 
gold par. 

The above is a sketch of the principles upon which com- 
parisons of the values of different kinds of money may be 
made, and of their application to the particular case* of 
^England and France. In the works already referred to, the 
currencies of all countries of commercial importance are 
described, and their relative values estimated. This ex- 
planation serves as an introduction to the very difficult 
subject of Exchange, of which nothing more than the 
slightest outline can be here attempted. 

Suppose a London merchant buys a quantity of French 
goods. One obvious mode of paying for them would be to 
send over to France a sufficient quantity of gold or silver to 
satisfy the debt. The proper amount to be thus sent might 
be estimated according to the principles already laid down. 
If silver be used, the silver sent and the number of francs 
in the price should contain equal quantities of the pure 
metal. If gold be used, the gold sent should be enough 
to cover the price when estimated in gold, which, as has 
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been stated, is in France valued at a perpetually varying 
amount. By taking any of these modes of p&3rment, how* 
ever, the merchant incurs the expense of freight and insar- 
ance, and the outlay for these purposes is utterly unproduc- 
tive expenditure. In reality, there are in all parts of the 
world merchants who are constantly requiring to remit coin 
or bullion, as uncoined gold or silver is called, to other 
countries. It is evident, therefore, that if large sums have 
to be sent from England to France by some persons, and 
large sums have to be sent from France to England by 
others, it would only require mutual understanding and 
arrangement among the senders and receivers to enaUe 
them to balance their accounts, so that merely the difference 
between the total sum due and the total sum receiv- 
able might be actually carried across sea. This mutual 
understanding is effected by means of Sills of Exchangt^ 
which, though not money, are papers representing money, 
and may be sent at the mere cost of postage. A London 
merchant would, therefore, send to France, in exchange for 
goods, a bill authorising the payment of a sum of money in 
London, and his correspondent would find some one in Paris 
who wanted to buy goods in London, and sell him the bill 
for remittance to England. If the values of the goods bought 
happened to be equals the whole business might be effected 
with no other circulating medium than ink and paper. 
Whether we consider the case of two merchants only, oi 
whether we examine the whole of the vast system of com- 
mercial exchange, the principle is the same. Bills- cf 
exchange are employed to save the expense and risk cf 
remitting coin and bullion, so that only the final balance 
of accounts between countries need be so settled. They con- 
sequently perform the same office with regard to different 
nations, that cheques on bankers do for individuals. The 
business of mediating between those who want bills and 
those who hold them is managed by brokers, who are ready 
either to buy or sell. Sometimes bills on a particular country 



BILLS OF EXCHANGE. 14o 

are mucli wanted, as large payments have to be made there, 
and the price of such bills would rise ; for a merchant is 
natarallj ready to pay a somewhat increased sum rather than 
incur the loss of having to pay for transmission of gold. At 
other times the bills may be plentiful, with comparatively 
few demands for them. From these causes arise variations 
in the i^urse of exchange, which, as far as London is con- 
cerned, means the price paid there for bills on other 
coantries. Thus, on Nov. 20th, 1863, Paris bills were to be 
bought at the rate of from 25-275 to 25*35 francs per £1, 
Amsterdam bills at from 11*85 to 11*9 florins per £1, and 
similarly for a long list of other countries. In most cases, 
the bills are supposed not to be due immediately, but at 
three months' date. Here it is merely requisite to deduct 
the customary rate of 4 per cent, per annum, and the short 
exchange^ as it is termedj will be found approximately. 
Thus, Hamburg prices at three months being from 13 marks 
8^ schillings to 13 marks 9 schillings per £1 {\ mark =16 
schillings), the short exchange would be from 13*. Q^d, to 
135. 6fe?. 

It must be remembered that this variation in ratio of 
exchange is not without limit. One obvious limit is the 
cost attending the remittance of gold, for if the price of bills 
was above par by an amount greater than this cost, gold 
would be sent instead of bills. But other causes begin to 
operate before this limit is reached. Suppose that England 
has to make large payments to France, and that the price of 
bills is consequently very high. Merchants, whose interest 
it is to. avoid as long as possible the expense of remitting 
gold, might send papers which were worth gold, such as 
government securities, stocks, shares, &c. These would 
answer somewhat roughly the purpose of bills of exchange. 
Again, the price of bills on France being high, the payments 
to be made by other countries to England might be, as it 
^were, made to flow through France. As an exaggerated 
instance* of such a proceeding, suppose that, in London, bills 

H 
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on Paris are at 1 per cent, premium, and that in Paris bills 
on Amsterdam are at ^ per cent, premium. Then an 
Amsterdam merchant, who had to remit to England, might 
send a bill, say for £100, to Paris, have it there sold for a 
Paris bill for £100 10^., and have that second bill sent to 
London, where it would be worth €101 10*. The Amster- 
dam merchant would, therefore, find it his interest to assist 
in arranging the commercial transactions of England and 
France, It will be seen, from this instance, how any un- 
usual variation in the course of exchange has a tendency to 
correct itself. The rate of exchange practically established 
by means of sending bills circuitously through one or more 
places, is called an arbitrated rate of exchange^ and the 
maxim with respect to such a mode of payment is — If the 
difference between the direct and arbitrated rates is sufficient 
to cover the increased cost of brokerage, agency, or other 
expenses, indirect remittances are best; if not, then direct 
remittances are best. 

It has been attempted in a few pages to give some account 
of a very complicated subject — complicated, perhaps, not so 
much by absolute difficulties of principles as by the number 
of technical terms and details of commercial arrangement 
by which it is surrounded. Problems in exchanges do, 
indeed, like almost all arithmetical questions, resolve them* 
selves into instances of proportion, but the difficulty is 
properly to take account of all circumstances, and at the 
same time clearly see the main question through all the 
entanglements of the commercial terms and commercial 
customs of perhaps several different countries. It is hoped, 
however, that the first elementary principles may be under- 
stood from the foregoing explanation. 

A good illastration of some of the priDciples that have been explained 
is contained in the following quotation from the * Times' of November 
25th, 1863.— 

' The quotation of gold at Paris is about 2| per miUe premium, and 
the short exchange on London is 25*30 per £l sterling. On comparing 
these rates with the English Mint price of £3 17 s, 10|</. per ounce for 
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Standard gold, it appears that gold is nearly ^ per cent, dearer in 
London than in Paris.' 

'By advices from Hamhorg the price of gold is 425| per mark, and 
the short exchange on London is 13*5 per £l sterling. Standard gold 
at the English Mint price is therefore ahont -^ per cent, dearer in 
Hamburg than in London.' 

It has been explained that the gold par of exchange with France is 

founded on the fact that coin to the value of 3100 francs can be made 

from 1 kilogramme (15434 troy grains) of gold of the French standard, 

that is, ^ fine. In the comparison of the * Times,' however, the charges 

of the Paris Mint, amounting to 6 francs per kilogramme, are taken into 

consideration. Hence, remembering that English gold is ^ fine, and 

valuing it at the Mint price, we should have as the worth of £l in francs: 

^ 480 160 10 11 3094 «^ ,^ . 

X — _ X — X — X =25*17 nearly. 



15434 623 9 12 1 

It should be noticed that this result is entirely independent of any 
variation in rate of exchange or premium on gold in Paris, and conse- 
quently the result 25*17 is called the fixed number for bullion operations 
with Paris, corresponding to the English Mint price. As gold in Paris 
is at 2^ per mille premium, the worth of £l would be 25'17 x 1*0025, or 
25*233 neariy. And since the rate of exchange makes £l worth 25*30 
in London, gold is dearer in London by about *067 in 2i(*30, or between 
^ and ^ per cent. 

The mark of gold mentioned in the Hamburg advices is the ' Cologne 
mark,' a weight equivalent to 3608 grains troy, and this is sold for 
425 marks 8 schillings (16 schillings = 1 mark). Hence, from these 

facts, we find the price of £l in Hamburg to be i^ x -1??. x~x 425i 

623-3608 12 ^* 

The first three of these four quantities do not depend upon any rate of 

exchange, and may therefore be multiplied to give a, fixed number for 

bullion operations with Hamburg, x x — =03132. Now, 

623 3608 12 

•03132x425*5 = 13*327 marks nearly, and this is the price of £l in 
Hamburg. In London £l is worth 13*3125, and hence gold is dearer 
in Hamburg by *014 in 13*327, or about ^ per cent. 



Ex. 39. 

1. The Roman *canna,' containing 8 *palmi,* is equal to 7835 
English inches. Find how many canne and palmi there are in 50 yd. 
2 ft. 7 in. 

2. If 100 Portuguese pounds are equal to 101*18 lb. avoirdupois, 

H 2 
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and the French kilogramme is equal to 15434 grains troy, how many 
Fortugnese ponnds are there in 141*652 kilogrammes? 

3. The * hectare ' is a French measure of surface, being a square, 
each side of which is 100 metres, or 109-36 yards. Find approximately 
how many hectares are equivalent to 10 English acres. 

4. Reduce £187 138. 4d. into francs and centimes (1 franc =100 
centimes), the exchange being £l « 25*20 firancs. 

5. In Madrid, 85 dollars of plate (1 dollar « 8 reals) are worth 64 
hard dollars. The exchange between Madrid and Berlin makes the 
dollar of plate worth 1 Prussian dollar ^^ silver groschen (30 8.g.= 
1 P. D.), and«that between London and Berlin makes £l worth 6P.D. 
27 s.g. Find the value of the hard dollar in English pence. 

6. What exchange in pence peir *milrei' (1 milrei»1000 reis) is 
established between London and Lisbon by bills on Paris b^ing bought 
in London at 25*28 francs per £, and sold in Lisbon at 180 reis per 
franc? 

7. Taking the fixed numbers for Paris and Hamburg at 25'17 and 
'03132 respectively, find by how much per cent, gold is cheaper or dearer 
in those places than in London, when it is quoted in Paris at 2 per mille 
premium, and in Hamburg at 426^ per mark, the short exchanges being 
25*25 francs, and 13 marks 4| schillings. 

8. £1000 is remitted from London to Amsterdam through Paris, bj 
means of bills bought in London at 25*40, and sold in Amsterdam at 
57| florins per 120 francs. The direct rate between London and Amster- 
dam being 11 florins 19| stivers (20 stivers =1 florin), find the profit 
from sending through Paris, | per cent, beine deducted for the extra 
brokerage. 
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CHAPTER VII. 

MISC£LLAN£OnS RULES AND LOGARITHMS. 

There still remain a few arithmetical processes which have 
not been explained. These will be given in the first part 
of this chapter, and the remainder will be devoted to some 
account of the nature and use of logarithms. 

It is often required to divide an abstract or a concrete 
number into parts which shall have a given ratio to one 
another. For example, divide 176 into 4 parts, which shall 
bear to one another the same ratios as the numbers 2, 3, 5, 6. 
Now, if these numbers be multiplied successively by any 
numbers, as, for instance, 2, 5, 3J, 7, we shall obtain sets of 
numbers, 4, 6, 10, 12; 10, 15,25, 30 ; 6^, 9|, 16^, 19^; 14, 
21, 35, 42 ; which manifestly bear to one another the same 
ratios as 2, 3, 5, 6. It remains, then, to choose, out of all 
possible sets of this kind, the particular one where the sum 
of the terms equals 176; and since the sum of 2, 3, 5, 6, 
is 16, it is clear that their sum, and consequently the 
separate numbers themselves, must be multiplied by 11 to 
form the set required, which will therefore be 22, 33, 55, 
66, From this and similar instances, we may deduce the 
general rule for dividing a quantity into parts having given 
ratios. Divide the quantity by the sum of the numbers 
expressing the ratios, and multiply the quotient by each of 
the numbers in succession. The rules which are, in many 
Arithmetics, called * Simple Fellowship ' and * Compound 
Fellowship,' are merely instances of this. In the first, the 
profits of any trading firm are to be divided among the 
partners proportionally to the amounts invested by them in 
the business. In the second, the profits are to be divided 
in proportion both to the amounts, and to the times during 
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which they have been invested, and each share must there- 
fore be proportional to the product of the numbers repre- 
senting the money and the time in the case of each partner. 

Divide £356 6*. 2d, in ihe proportion of the numbers 2|, 3^, 4^, 5|. 

3 4 6 6 gQ 60 20 2JJ . 

A^A ore 37 .299 42757 20 143 m, r ^,1 143 

And 356^-r — = x — « Therefore the shares are — x 

"** 20 120 299 6 6 

I=I22i.£55 12.. 2iJ.; li? x i2=l?5a=£77 9.. 2rf.; 11? x?l = 
3 18 ^ 6 4 24 '65 

1^^=£100 2..; andll?xil =115?=£l23 2,. 9l<i 
10 6 6 36 ® 

A, B, C, are partners, and each puts £1200 into the business, bnt 6 
draws out £75, and C draws out £50 at the end of 3, 6, and 9 months. / 
A^ the end of 12 months the profits, amounting to £864 IO5., are to be 
divided. What should each receive? 

Here A has £1200 in for 12 months. B has £1200 for 3, £1125 
for 3, £1050 for 3, and £975 for 3, which is the same as £4350 for 
3 months. C has £1200 for 3, £1150 for 3, £1100 for 3, and £1050 
for 3, altogether £4500 for 3 months. Therefore the shares must be 
proportional to the numbers 14400, 13050, and 13500. These numbers 
are as 32 : 29 .* 30, and the sum of these latter=91. Hence A's share- 

864|x2?=ll??x?^=£304; B's share^il!? x ??=£^1=£275 10^; 
^ 91 2 91 2 91 2 '^ ' 

and C's share = li?? x ?2 = £285. 

2 91 

Divide £963 Is. among 5 persons, giving the second half as mnch 
again as the first, and each of the others half the sum of the two pre- 
ceding shares. 

If the 1st share be represented by 1, the 2nd must be |, the 3rd one- 
half of 1 + 1, or |, the 4th one-half of | + 1, or V» and the 5th one-half of 
¥ ■*■ 5» °^ tJ- "^o S®* ^^d of fractions, let these proportional quantities 
be multiplied by 16, then the shares must be as 16 : 24 : 20 : 22 : 21. 

1 f% 
The sum of these numbers is 103. Hence 1st share = 963^ x __-= 

20 103 20 1 5 20 1 5 

= £224 Ss.; 3rd share = 1^ x ?£« £187; 4th share=l^ x??=??i^ 

20 1 20 1 10 

=£205 14*.; 5thshare=L?Ix?l=??^ = £l96 7*. 

20 1 20 
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1. Divide the number 2191 into parts which shall have to one another 
the same ratios as the numbers 4, 3, 7 J, 1 1|. 

2. Three partners invest in a business :£850, £570, and £400 respec- 
tivelj. After trading for a few years, thej divide their capital, then 
amounting to £3294 4s, How much should each partner receive? 

3. Three towns, containing 1750, 3200, and 2640 inhabitants respec- 
tively, are taxed in proportion to *their population. The total amount 
paid being £2846 5«., what did each town contribute? 

4. If 6 oz. of gold, 18 carats fine, are mixed with 4 oz. 12 carats fine, 
how much pure gold will there be in each ounce of the mixture? 

5. Divide the fraction ^ into three parts, which are proportional to 
the numbers 7, 9, and 11. 

6. In dividing the profits of a firm, it is found that A has had £2000 
in the business for 12 months; B has had £1500 in for 8 months, and 
then increased it to £2500; and C has had £2400 in for 3 months, and 
then drawn out £1500. If B*s share is £159 2s. Qd, more than C's, how 
much ought A to receive? 

7. Divide £665 among 4 persons, so that the share of the first may- 
be to that of the second, as 7 : 9 ; the share of the second to that of the 
third, as 11 : 13; and the share of the third to that of the fourth, as 

15 : 17. 

8. In winding up the affairs of a company which is insolvent, it is 
found that the good, bad, and doubtful debts owing to the company are 
in the proportion of the numbers 9, 5, and 3. The bad debts are esti- 
mated as worth nothing, and the doubtful as worth half their nominal 
value. Afterwards it turns out that ^ Qf the bad debts are recovered. 
In what proportion will the dividend received by the creditors be increased 
from this cause? 

The number which, when multiplied by itself, produces 
a given number, is called the square root of that number. 
Thus 3 is the square root of 9, 11 is the square root of 121, 
and 16 of 256. The number which, when multiplied by 
itself twice, produces a given number, is called the cubd 
root of that number. Thus, 2 is the cube root of 8, 3 is the 
cube root of 27, and 5 of 125. When the continued pro- 
duct of a number, repeated four, five, six, or more times, 
amounts to. a given number, the first is called the fourth, 
fifths sixth, or lower root of the second. Thus 2 is the 5th 
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root of 32, 3 is the 6th root of 729, and 11 is the 4th root 
of 14641. Consequently, the terms square root and square, 
cube root and cube, fourth root and fourth power, seventh 
root and seventh power, &c., are respectively correlative to 
one another ; as, for example, 6 is the square root of 36, 36 
is the square of 6 ; 7 is the cube root of 343, 343 is the cube 
of 7 ; 5 is the fourth root of 625, 62S is the fourth power 
of 5 ; 3 is the seventh root of 2187, 2187 is the seventh 
power of 3. . 

The problem of finding the square root of any given 1 
number, is one of constant occurrence in practice, and the 
process by which it is accomplished depends upon the fol- 
lowing principle : — The square of the sum of any two numbers 
is equal to the sum of their squares, together with twice their 
product. Thus 39=25 + 14, and the square of 39 is 1521, 
and 1521 is equal to 625+196 + 700, that is, to the squares 
of 25 and 14, and twice the product of 25 and 14. Let 
another instance be taken, where the first number is con- 
siderably larger than the second, as when 39 is separated 
into 37 and 2. Then, taking the squares of both, and twice 
their product, we have 1369+4+148=1521, the square of 
39 as before ; but here, and in similar instances, it may be 
noticed, that the largest term is the first square, and that 
the second square, which is the smallest term, is consider- 
ably smaller than the term representing twice the product. 
Suppose we attempt, by the aid of the principle just stated, 
to find the square root of the number 68,211081. Now the 
pquare root of 64,000000 is 8000, and of 81,000000 is 9000. 
Hence the required square root must be between 8000 and 
9000, or 8000 and some unknown number besides. There- 
fore 68,211081 must be equal to the squares of 8000 and the 
unknown quantity, and 16000 times the unknown quantity 
besides. The square of 8000 is 64,000000, and consequently, 
if we leave out of sight, for a moment, the square of the 
unknown quantity, which is small compared with the 
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bher terms, we find that 4,211081 must be somewhere 
bout 16000 times that quantity, and hence it is about 

211081 

'^gQQQ or between 200 and 300. Having thus arrived at 

ne st^ nearer the real root, we suppose it made up of 
200 and something more. The square of 8200 is equal to 
he squares of 8000 and 200, together with 16000x200, or 
64,000000 + ( 16200 x 200). The former has been already 
ubtracted from the original number, leaving 4,211081, 
nd now, subtracting the latter, 3,240000, there remains 
71081, for which we have still to account. Pursuing the 
rocess, we consider this number as about 2 x 8200, or 

971081 

6400 times the remainder of the root. Now, .^a.u. is 

, ' 16400 

etween 50 and 60, and we therefore consider the root as 
250, and something more. The square of 8250 is greater 
aan the square of 8200 by 16450x50, or 822500, and 
e havQ now left 971081-822500, or 148581. As before, 

QOAM or .g'..^ is a little more than 9. And the differ- 

Qce between the squares of 8259 and 8250 is 16509x9, 
r 148581, and thus the whole of the original number has 
een accounted for. The work that has just been gone 
irough, may be shown in the following form ; — 

6821 1081 (8000 + 200 + 50 + 9 
square of 8000 == 64000000 

42 1 1 081 which -r 1 6000 gives more than 200. 
16200x200= 3240000 

971081 which -hi 6400 gives more than 50. 
16450 X 50= 822500 

14^581 which +- 16500 gives more than 9. 
16509 X 9 =» 148581 

This form will evidently be much shortened, if we only 
3tain such portions as are absolutely necessary to carrying 
n the work. It will then appear as folio ws«: — 

H 3 
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The dots are placed oyer every alter- 
nate figore, because it is necessary to ^ ^ 
bring down two figures at each opera- 152) 42I 
tion to carry on the subtraction, and 324 
there must always be in the quotient a 1W5) 97 10 

8225 

figure for each period of two figures ^^^59% " 148581 
brought down. In the instance given, the 148581 

number is a complete square, and thus its 
root may be found exactly, but where the number is not a 
complete square, we may approximate to the root as far as 
we please. Since decimals follow the same law as wbole 
numbers, the square root of a decimal is found in precisely 
the same manner as that of a whole number. Care most, 
however, be taken not to include the place of units and the 
place of tenths in the same period. Thus 241*375 must be 
pointed 24l-3'750, and not 24lS75. All that is necessary 
to prevent a mistake on this point, is to see that there is a 
dot over the place of units. The place of the decimal point 
in the root is determined by the simple consideration, that 
integral periods give integral figures in the root, and that 
decimal periods give decimal figures. 

The following is the formal statement of the rule for 
extracting the square root : — Divide the given quantity into 
periods, by placing a dot over the unit figure, and over every 
alternate figure towards the left, and if there are decimaUy 
towards the right also. Place, cw the first figure of the rootj 
that which is next less than the square root of the first 
period. Square this first figure, subtract it from the first 
period, and to the remainder add on the second period, call- 
ing the number thus composed the minuend. Form a trial 
divisor by doubling the first figure of the root, and see how 
often it is contained in the minuend, omitting its last figure. 
Place the result both as second figure of the root, and at the 
end of the trial divisor. The loiter wUl then become an 
actual divisor f and must be multiplied by the figure just 
found, and the product subtracted from the minuend. The 
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remainder^ with the next period added, will form a neio 
minuendy the new trial divisor will be the double of the 
figures in the root, and the process may be continued as far 
as necessary. 

It will often happen that the figure found by dividing by 
the trial divisor will, when multiplied by the actual divisor, 
produce a number greater than the minuend from which it 
has to be subtracted. In such a case, the next less figure 
must be substituted, or, if that again be too great, the next 
less figure, and so on. Thia uncertainty, for the moment, 
about the true figure, is much more likely to occur at the 
beginning than at any after period of the process. To 
exemplify it, we will find the square roots of 232324, 2856 1 , 
and 1413721 : 



252524(482 
16 


28661(169 

1 


I4l3?2l(1189 

1 


88) 723 
704 


26) 185 
156 


21) 41 
21 


962) 1924 
1924 


329) 2961 
2961 


228) 2037 
1824 

2369) 21321 
21321 



In the first of these examples, the trial divisor 8 would 
be contained 9 times in 72, but if we put 9 in the root, we 
should have to multiply 89 by 9, making 801, which would 
be too large to take from 723. We therefore put the next 
less figure, 8, in the root. In the second example, the trial 
divisor 2 is contained 9 times in 18, but 9 times 29 is 261, 
which is too large ; 8 times 28=224 ; 7 times 27=189 ; and 
as each of these is too large, we must try the figure 6. In 
the third example, the first trial divisor would give 2, but 
21x2=42, is too large, so we use the figure 1 instead. 
Again, the second trial divisor, 22, would give 9, since 
9 x22, or 198, is less than 203. But if 9 were tried, the 
product 9 X 229, or 2061, would be found too large, and so 
8 is the third figure of the root. 
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The following are exnmples of finding approximately tlie 
square roots of quantities which are not exact squares : — 

Find the square roots of 29, 144485*2764, and '00000006. 

29(5-385, &c. 144485-2!? 64 (380-11, &c. 

25 9 

103) 400 68) 544 

309 544 



1068) 9100 7601) 8527 

8544 7601 



10765) 55600 76021) 92664 

538^ ^ 76021 

1775 " 16643 

•OOOOOOO6 (-0002449, &c. 
4 

44) 200 
176 



' 484) 2400 
1936 



4889) 46400 
44001 

2399 

It may be shown by algebra, that additional figures in 
lie root may be found by dividing the remainder by, the trial 
divisor, but that only one less than the number already 
found can be thus obtained. In the first of the preceding 
examples, therefore, three figures might be found by 
dividing 1775 by 10765, in the second four figures by 
dividing 16643 by 76021, and in the third three figures by 
dividing 2399 by 4889. Approximating in this way, the 
roots would be, 5-385165, 380*112189, and -000244949. 

Sx. ftl. 

Find the square roots of — 

1. 34562641. 2. 76825225. 3. 153-685609. 

4. 451520001. 5. 119. 6. 73-952. 

7. Find the length of one side of a square field which contuns 
2 acres 3 roods 555 yds. ft. 81 in. 

8. Each man of a party at a tavern pays, as his share of the reckon- 
ing:, three times as many farthings as there are men in the party. The 
total reckoning being £3 I2s. 3d., how many men are there? 
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The process for finding the cube root of a quantity de- 
pends upon principles which cannot well be understood by 
those who are unacquainted with algebra. No attempt will 
therefore be made at explanation, and the process itself is 
all that will be stated. Of the various forms in which the 
work is arranged in different books on arithmetic, that in 
Colenso's Arithmetic is the best, and, as it possesses some 
peculiarities, could not fairly be given here without acknow- 
ledgement. 

Divide the given quantity into periods, by placing a dot 

over the unit figure^ and over every third figure to the left, 

and, if there are decimals, to the right also. Place, as the 

first figure of the root, that which is next less than the cube 

root of the first period. Cube this first figure, subtract it 

from the first period, and to the remainder add on the second 

period, thus forming the first minuend. In a column some 

distance, to the left, place three times the part of the root 

found at eaCh stage of the process. The first trial divisor 

is placed at the head of a column a little more to the right, 

and is the triple of the square of the first figure in the root, 

and two ciphers annexed. Another figure of the root being 

found by this trial divisor, place it in the root, and also at 

the end of the number in the left-hand column, and when 

thus increased, multiply the latter by the figure in the root. 

Place the product under the trial divisor, and add the two 

together: this will give the first actual divisor, from which 

we obtain a second remainder, and, by bringing down another 

period, a second minuend. The second trial divisor is found 

by adding together the actual divisor, the product just men-" 

tioned, and (which need not be actually put down^ the square 

of the last found figure of the root, two ciphers being an^ 

nexed to the sum. This process can be continued as far as 

necessary. 

As in square root, it sometimes happens that the figure obtained by 
the trial divisor is too large, and the next less has to be tried ; and as 
in square root, additional figures in the root may be found by ordinary 
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division by the last actual divisor. The number of figures thus ob- 
tained must, however, not exceed two less than the number already 
found. 

Find the cube root of 14760213677, and of 647, to three places of 
decimals. 







1476621367' 
8 


? (2453 




647(8-649 
612 


64 


1200 
256 


6760 


246 


19200 
1476 


135000 




1456 


5824 




20676 


124056 


725 


172800 
3625 


936213 


2584 


2218800 
10336 


10944000 




176425 


882125 




2229136 


8916544 


7353 


18007500 
22059 


54088677 


25929 


223948800 
233361 


2027456000 




18029559 


54088677 




224182161 


2017639449 



9816551 
By dividing by the last divisor, two more figures, 04, may be obtained, 
thus making the cube root of 647 equal to 8*64904. (Note L. ) 

Sz. ft2. 

Find the cube roots of— 

1. 44361864. 2. 178453547. 3. 115074924-544. 

4. 5913. 5. 11. 6. 85-96. 

7. What is the length of the edge of a cubical water tank that will 
just contain 700 gallons? 

Questions in. arithmetic are often proposed which depend 
upon the relative velocity of two bodies in motion, either in 
the same or in opposite directions, that is, the velocity with 
which they are approaching to or receding from one another. 
Strictly speaking, we know nothing practically of absolote 
velocity. When we talk of a man walking at the rate of 
four miles an hour, we mean that his relative velocity, with 
regard to some place on the surface of the earth, is four 
miles an hour, for, in reality, although we do not notice it, 
he is moving round the earth's centre at the rate of between 
six and seven hundred miles per hour, and, at the same 
time, round the sun at the rate of about six hundred and 
seventy thousand, while he may be, and probably is, carried 
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tbrongh space in company with the whole solar system, 
at other and as yet uncalculated velocities. To enable us 
to determine the absolute motion of anything, we ought 
to compare it with some point which is at rest, and through- 
out the whole universe we do not know of any such point. 
In the ordinary business of life, however, we consider the 
earth at rest, and that all velocities relative to points on its 
surface may be taken as absolute velocities. Of two moving 
bodies, each will, in general, have a motion relative to the 
other ; that is to say, will change either its distance from, or 
its position with respect to, the other. There are, however, 
only two cases where the rate of this relative motion can 
be determined by arithmetic, namely, where the bodies are 
moving in the same or in opposite directions. In the 
former, the relative velocity will be the difference, and in 
the latter, the sum of their respective velocities. Thus, if 
a man be walking at the rate of four miles an hour, and 
another be at some distance behind him, riding at the rate 
of seven, the relative velocity of the two men is three miles 
an hour, and that is the rate at which the rider is over- 
taking the other. If two railway trains are coming in 
opposite directions, at twenty and twenty-five miles an 
hour, they are approaching each other at the rate of forty- 
five miles an hour, and will pass each other at that rate. 
The following are examples of the application of the above 
principles, and are of the kind usually given in exa- 
minations, or to be found in collection? of arithmetical 
examples : — 

A starts for a walk at the rate of 3 miles an hoar. Half an hour 
afterwards B starts from the same place, and walks at the rate ot 
3| miles an hour. In what time will he overtake A? 

In half an hour A will have walked 1| miles, andB, approaching him 
with the relative velocity of | mile an hour, must come up with him in 
l|-r|=2 hours. 

At what time between four and fi?e will the minute hand be exactly 
opposite the hour hand ? 
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The minute hand moves through 60, and the hour hand through 5 of 
the minute divisions of the dial in an hour. Hence the relative velocity 
is 55 divisions per hour, or ^ per minute. At 4 o'clock the minute hand 
is 20 divisions behind, and when the^hands are opposite, it is 30 divisions 
before the hour hand. The number of minutes past 4 is consequent!/ 
50^i|,or54^. 

On a canal a barge 50 ft. long, going at the rate of 2| miles an honr, 
meets another 60 ft. long coming in the opposite direction at 3| miles 
an hour. How long will they take to pass one another? 

They will begin to pass one another when the bows of the barges are 
opposite to one another, and will have finished passing when the stems 
are opposite. If one of the barges be supposed at rest, the other mast 
move through a distance equal to the sum of their lengths during this 
interval. Hence the time of passing is the sum of their lengths divided bj 
their relative velocity, and will therefore be ^^ x | x y*=^ minute. 

In a mile race between two boats, at the end of the first minute one is 
16 feet ahead of the other, and completes the course in 6| minutes 
more. How long does the second boat take to go over the distance, and 
how far is it behind when the first boat comes in ? 

Here the velocity of the first boat is \o-j- 71 =e_o j^^^|o ^83^ miles an 
hour, and the relative velocity = ^Jf^ >< i* = A ™ Jle- Therefore the velocity 
of the second boat is 8 miles an hour, and the time taken to go one mile 
must be 7| minutes. Also, since in one minute the first boat gains 
16 feet, in 7i minutes it will gain ^ x % or 117| feet. 

The three following questions depend upon the same 
principle, and the method of treating them is best explained 
by working them out. Examples similar to these, and to 
those involving relative velocities, are given in the miscel- 
laneous collection at the end of the book. 

If A can do a certain piece of work in 8 days, and B can do it in 
5 days, how long would A and B take to do it together ? 

A can do | of the work in a day, and B can do |, therefore they can 
together do | + |, or |§ in a day. Hence they can do the whole in 
±§, or 3i days. 

Two men are pumping water into a cistern. After continuing 
10 minutes, and the cistern being \ full, one of them goes away for 
5 minutes, leaving the other at work. When he returns they both 
pump for 7 minutes, and then find the cistern half full. The other 
one now goes away for 5 minutes, and then returns, and they work 
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together as before. What time is altogether occupied in filling the 
cistern? 

~ Thej work for 10 minutes and fill \ of the cistern. Hence they together 
fill ^ in a minute. Consequently, in the 7 minutes they were both 
working, they must have filled ^. Hence 5— J — ^» or ^, must have 
been filled by the one man in 5 minutes, and he therefore fills ^ in a 
minute, and his companion fills ^— ^, or y^. The latter works for 
5 minutes by himself in filling: the second half of the cistern, completing 
in that time ^ or ^, and flius leaving |— ^1 or ^ for them to do 
together, which they would accomplish in 2%-^ib* ^^ ^^ minutes. The 
whole time occupied is therefore 10 + 5 + 7 + 5 + 18, or 45 minutes. 

A, B, and C together can do a piece of work in 24 days, while A and 
C by themselves would take 36. If, when A works alone for 10 days, 
and B and C then come and help him, it is altogether finished in 30 days* 
fiud how long each would require to do it by himself. 

A, B, and C together do ^ in a day, and A and C do ^. Hence B does 
^— ^«,^ in a day. Now, in the supposed arrangement, A, B, C all 
work together for 20 days, thus doing fj, or |, and the remaining | is 
done by A in 10 days. Therefore A dbes ^^ in a day, and C does 
^—^0—^* ^^^ consequently C would finish the work in 90 days, B in 
72, and A in 60. 

A series of numbers, such that each is always greater or 
always less than the one before it, by a certain fixed quan- 
tity, is called an Arithmetical Series^ and the numbers them- 
selves are said to be in Arithmetical Progression. Thus, 2, 
6, 10, 14, &c., is such a series, the common difference^ or the 
quantity by which each term exceeds the preceding, being 4. 
Again, 100, 93, 86, 79, &c., is another such series, the terms 
continually diminishing by the common difference 7. When 
the first term and the common difference are known, any 
term of the series may be easily found. For example, in the 
series 2, 6, 10, 14, &c., the second term is 4 more than the 
first, the third term is 8, or 2x4 more, the fourth is 12, or 
3x4, and so on, any term being greater than the first by the 
product of the common difference and one less than the 
number of terms. Thus, the 11th term is 24-(10x4), or 
42, and the 20th term is 2 + (19x 4), or 78. Again, in the 
series 100, 93, 86, 79, the same rule applies, except that we 
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must subtract from the first term, instead of adding to it. 
Thus the 6th term is 100- (7 x 5), or 65. 

The rule by which we find the sum of an arithmetical 
series is easily discovered, if we write the series down, and 
beneath it place the same series in reverse order, and add 
corresponding terms. Thus, in the case of 7 terms of the 1 
series 5, 11, 17, &c. : — 

Sum of the series = 5 + 114-17+53+29 + 35+41 
Also sum of the series = 41+35+29+23 + 17 + 11+5 
Therefore twice the sum=46+46+46 + 46 + 46 + 46+46 

Here the sum of the first and last terms is 46, and the 
sura of each pair of terms being the same, it follows that 
twice the sum of the series is equal to 46 x 7, or 322, and 
the sum of the series is therefore 161. From this and 
similar instances, we may deduce the general rule, that 
ike sum of an arithmetical series is half the sum of the first 
and last terms multiplied by the number of terms. 

Find the 13th term and the sum of 13 terms of the series 3, 11, 19, &c 
Here 13th term=3 + (12 x 8) = 99. Sam of 13 terms «i x (99 + 3) x 
13 = 663. 

Find the sum of 21 terms of the series 78, 75, 72, &c 

Here21st term=78-(20x3)»=18. Sum of 21 terms=|x(78+18) 

x2i«1008. 
A man undertakes for a wager to walk | of a mile in the first boor, 

§ a mile in the second, | of a mile in the third, and so on, for 18 hours. 

How many miles will he walk in the last' hour, and how many altogether? 

In the 18th hour he will walk | + (17xJ)=4| miles, and altogether he 

will walk I X (4i + i) X 18= J x ^f x 1^^=1^=421 mUes. 

A series of numbers such that each is equal to the pro- 
duct of the one before it, and some fixed quantity, is called 
a Geometrical Series^ and the numbers themselves are said 
to be in Geometrical Progression. Thus, 7, 21, 63, 189, 
567, is such a series, the fixed quantity, or common ratio, 
as it is called, being 3. When the first term and the com* 
mon ratio are known, any term of the series may be easily 
found. For example, in the series 7, 21, 63, &c., the second 
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term is equal to the first multiplied bj 3, the third term is 
equal to the first multiplied by 9, or 3^, the fourth is equal 
to the first multiplied bj 27, or 3^, and so on, any term being 
equal to the product of the first term and the common ratio 
raised to a power one less than the number of terms. Thus, 
the 9th term of the series is 7 x 3® =45927. Again, the 
12th term of the series, 6S, 28, 14, &c., where the common 
ratio is ^, is 56 x (i)"=56 x ^^^^. 

The rule by which we find the sum of a geometrical 
series is easily discovered, if we write the series down, and 
beneath it place a series formed by multiplying all the 
terms by the common ratio, and subtract the upper line 
from the lower. Thus, in the case of 5 terms of the series 
7, 21, 63, &c. :— 

Sum of the series = 7 + 21 -f 63 + 189+ 567 
[3 X sum of the serie8=21 + 63 + 189 + 567 + 1701 

Hence 2 x sum of the series = 1 701 — 7, or 1694 ; for aU the 
other terms, being the same in both lines, disappear in sub- 
traction, and therefore the sum of the series is ^ x 1694, or 
847. From this and similar instances, we may deduce the 
general rule, carry on the series to one more term^ and 
divide the difference between this last found term and the 
first term by the difference between the common ratio and 
unity. 

Find the 8th term and the sum of 8 terms of the series 11, 22, 44, &c. 
Here 8th term =llx2'^ = llx 128 = 1408 ; the 9th term will consequently 
be 2416, and the sum of 8 terms =(2416- ll)-r(2-l) =2405. 

Find the sum of 6 terms of the series 128, 32, 8, &c. 

Here the 7th term = 128 x (i)^=if^ x 5^=^. Therefore the sum of 
6 term8=(128-^)-T-(l-|)=^x|=i-M5 = i70|. (NoteM.) 



Find— 

1. The 10th term of the A. S. 2, 7, 12, 17, &c. 

2. The 13th term of the A. S. 1095, 1032, 969, &c. 

3. The sum of 8 terms of the A. S. 6, 14, 22, &c. 

4. The sum of 10 terms of the A. S. 30, 27, 24, &c. 
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5. The 9th term and the sum of 12 terms of the G. S. 6, 12, 24, && 

6. The 7th term and the sum of 5 terms of the G. S. 36, 12, 4, &c 

7. The 8th term of an A. S. is 31|, and the 5th term is 18. Find 
the sum of 10 terms. 

8. The 3rd term of a G. S. is 3|, and the 6th term is 1|||. Find the 
4th term. 

9. A body falling by the action of gravity, falls 16 feet in the first 
second, 48 feet in the second second, 80 feet in the third second, and 80 
on in A. P. Through what distance will it fall in 10 seconds? 

10. Which is the cheaper, and by how much, to buy 12 yards of 
point lace at £5 5s, per yard, or to pay one farthing for the first yard, 
3 farthings for the second, 9 for the third, and so on in G. P. ? 

Some account of the nature and use of Logarithms will 
now be given, but it will be first necessary to make exten- 
sions in the meanings to be attached to certain signs, of a 
similar nature to those already made with respect to the 
signs of multiplication and division. In the first place, 
then, we know from ordinary subtraction, that 8 — 6=2, or, 
when expressed in words, that the result of subtracting 
6 from 8 is 2. This is an instance of subtracting a less 
number from a greater. Let us now consider what would 
be the result of subtracting a greater number from a less ; 
for example, 10 from 8. One thing is certain froDl the 
effect of the laws of addition and subtraction already laid 

• 

down, namely, that the result of taking away 10 from any 
number is the same thing as taking away 8, and afterwards 
taking away 2 mo,re. Thus, 50— 10=50—8 —2, each being 
40, and similarly, whatever 8 — 10 may mean, it must be 
the same as 8 — 8— 2, or 0—2. A similar expression is 
obtained in any instance of subtracting a greater number 
from a less. Thus, 29-36=29-29-^7=0-7 ; 54-72= 
54— 54 — 18=0—18. Beyond this point we cannot go, and 
— 18, or leaving out the cipher, as something to be under- 
stood, — 18, is the simplest form in which we can express 
the result of taking 72 from 54. Expressions, such as 
— 18, —7, —2, are said to signify negative quantities. An 
idea of their meaning is best obtained by considering the 
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case of debts. If a man has £54, and is obliged to pay 
£72, he is worse off than if he possess nothing, for after 
his £54 has gone in part payment, £18 remains to be dis- 
charged out of any future assets. He may be said then 
to possess —3^18. When we have once recognised the 
existence of these negative quantities, we ought to be able 
to add or subtract them, and to multiply or divide by them 
just as we do with ordinary numbers, which we may call, 
in contradistinction to the others, positive quaiitities. When 
viewed in this light, positive quantities are supposed to have 
the sign + either expressed or understood, so that 14, 19, 
20, are abbreviations for + 14, 0+19, + 20, just as -14, 
-19, -20, are abbreviations for 0—14, 0—19, 0-20. 

Now, in addition and subtraction, when confined to such 
cases as gave positive results, we found that the order of 
the numbers was immaterial. Thus, 26—5+4 — 2, and 
26+4—2—5, and 26—2—5 + 4, all give the same result, 
23. Extending this law to the case of negative quantities, 
we find that — 7 added to 1 1, must be the same as 1 1 added 
to —7, and must therefore be 0—7 + 11, or 0+11 — 7, or 4. 
Hence, adding a negative quantity is the same thing as 
subtrcuiting a positive quantity. 

If this rule be applied to the case of several numbers, 
positive and negative, all added together, it is best to take 
the sums of the numbers with each sign, and the difference 
of these results, with the sign of the greater prefixed, will 
be the value of the whole expression. 

Thus 18 + 20-51 + 17- 108 + 49 = 104- 159 = -55 
27-31 + 62-14 + 8-22 = 97-67=30. 

Next, to subtract a negative quantity, as, for example, 
— 4, from another quantity. Now —4 is only air abbre- 
viation for 0—4, the remainder when 4 is taken from 0. 
Let us, therefore, examine the case of taking away the re- 
mainder arising from a possible subtraction, and let it lead 
us to the result in the case of a negative remainder. We 
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know that 13-9=4, and if 4 be taken £rom 47, the result 
is 43. This number maj also be obtained from 47, bj add- 
ing the 9 and subtracting the 13, or expressing bj signs 
47—4=47+9—13. From this and similar instances, de- 
riving the general law that subtracting a remainder is equi- 
valent to adding the number taken awaj, and subtracting j 
the number from which it is taken awaj, we must infer 
that since 0-4 = —4, therefore 12-(— 4)=12+4— 0=16. 
Hence subtracting a negative quantity is the same thing <u 
adding a positive quantity. Thus, 8— (—6)= 14, —11— 
(-9) = -2. 

The truth of this and the preceding rule maj be illns- 
trated by the case of debts, which, as has been stated, maj 
be regarded as n^ative property. If we add on debts to a 
man's estate we diminish his property,, if we take away 
debts we increase it. 

Next, to multiply by a negative quantity. We found in 
ordinary multiplication, that the sum of the product of a 
number by several multipliers was equal to the product 
of the number and the sum of the multipliers. Thus, 
(8 X 7) + (8 X 10)=56+80=136=8 x 17. • Extending this 
rule to negative quantities, it follows, that 5 x(— 3) added 
to (5 X 3) must give 5 x (3—3), or 5 x 0, which is 0. Hence 
5 x(— 3) + 15=0, and therefore 5x(-^3) must be -15. 
And evidently, also, (— 3)x5=— 15. 

Next, take the case of (—3) x (-5). Now (—3) x 
(-5) + (-3) X 5 = (-3) X the sum of 5 And (-5), that 
is, —3x0, or 0. And we know that ( — 3)x5 =: —15. 
Therefore (—3) x (—5)— 15=0, and, consequently, (— 3)x 
(—5) must be 15. 

Collecting together all the possible combinations of posi- 
tive and negative quantities, we have — 

3x5«15 (-3)x6 = -16 3x(-5)=-15 (-3) x(-5)=15. . 

Hence, from multiplication and division being contrary 
operations, we have — 
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15-5-3 = 5 (-.l5)-^(-3) = 6 C-15)-*.3 = -5 15-^(-3)«-5. 

Thus we derive the general rule, applicable to both mul- 
tiplication and division, that like signs give -f , and unlike 
signs give — . 

The following are examples of the application of the above 
principle : — 

Z:^+5-4+ — =3 + 6-4-8 = -4 
-2 -9 

7 + 3-8-12 43-36 + 50 -10 57 . _ 

X = X — --»2x— 3«i —6. 

24-29 11-30 -5 -19 

(_2)x(-3)x(-4)x(-5) = 120. 
(-l)x(-2)x(-3)x(-4)x(-5)= -120. 

Another extension of meaning remains to be noticed 
before logarithms can be explained. It will be remem- 
bered that 2* was an abbreviation for 2 x 2 x 2 x 2, 5^ for 
5x5x5, 7^ for the continued product of 7 repeated 20 
times, and that the numbers 4, 3, 20, placed above the 
others, were called indices. Now, such expressions as 8*, 
2®, 1 1—3, may be written, and it may be asked whether any 
meaning can be assigned to them. One thing we settle 
beforehand, namely, that whatever these meanings may be, 
the same laws shall hold good as held good in the case of 
positive indices. Now, since 2^^ jg ^n abbreviation for the 
continued product, or, more shortly, the c.f. of 2 12 times 
repeated, and 2^ for the c. p. of 2 7 times repeated, it fol- 
lows that 2^2 y 2^ must be the c. p. of 2 19 times repeated, 
or 2^2 X 2^=2*^. In this way it is seen that the product of 
different powers of the same quantity/ is obtained by adding 
their indices. Again, 2^^-i-2'^ must be the c. P. of 2 re- 
peated five times, as seven factors are struck out of the 
original twelve. Therefore 2^2-:- 27 =2*. Hence to divide a 
power of any quantity by another power of the same, sub' 
tract the seeond index from the first 

It follows, from the above, that 2^ x 2^ x 2* x 2* x 2* eqji^s 
220, and hence, to raise a power of a quantity to any power. 
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multiply the index by the number of the power to which it is 
to be raised. 

Since 2^0 is the fifth power of 2*, and it has been explained 
(page 152) that power and root are correlative terms, it 
follows that 2* is the fifth root of 2^0 ; hence, to find any 
root of a power of a quantity^ divide the index by the number 
of the root. 

The following are illustrations of the preceding rules : — 

25j^2" = 2^« 45^4^44 gii^g3^g8 10^^x10^ = 10" 



(32)8^3^® (45)2«4io -V 12« = 12* ^Vi^^^\2\ 

To make these illustrations clear, it should be explained, 
that a number occurring without any index is supposed to 
have the index 1 understood. Thus, 4*-t-4 is the same as 
4^-i-4^ Also, ^ X/ are abbreviations for the 'cube 

root of,' the * fourth root of,', and so on. The sign ^ , 

without any number, is understood to mean %/ , or the 
^ square root of.' 

We have now sufficient materials for determining the sig- 
nifications of 2*, 2®, 2~7. If we choose to adhere to our 
definition that the index means the number of times the 
factor occurs, no meanings can be given to these expres- 
sions, as in that case they would be the c. p. of 2 repeated 
three-quarters of a time, no times at all, and seven less 
than nothing times respectively. But if, on the contrary, 
we choose to adhere to the laws just found, and say that 
they shall be applicable to all cases, whether the indices be 
integral or fractional, positive or negative, we shall then 
at once determine the meanings of the given expressions. 
First, therefore, in the case of 2^ Let it be raised to the 
power of 4. Then 2* to the fourth power must be, by mul- 
tiplying the index, 2^. Hence 2^ is the fourth power of 2*, 

and consequently 2* is the fourth root of 2^ or V 2^7 Next, 
to find the meaning of 2®. Multiply it by any positive 
power of 2, say 2^, then 2° x 2^ must be, by adding the 



I 
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indices^ 2^. Hence 2* is the product of 2* and 2®, and 
therefore 2<^=1. It would be similarly found that any 
number raised to the power of is equal to 1. (Note N.) 
Lastly, to find the meaning of 2~^. Multiply it by 2^, and 

we have 2-7x27=20=1. Hence 2-7=- . 

The following are instances of negative and fractional 
indices : — 



1076= ^107» 96^=^96" ir9««l 13 



—11 



13 



11 



The sole object of the above explanations is to make an 
account of logarithms intelligible. In order to treat this 
subject thoroughly, some knowledge of Algebra is abso- 
lutely necessary, and it must, therefore, not be supposed 
that a complete account is here attempted. It is hoped that 
enough may be given to enable the reader to understand 
what logarithms are, and what is their use ; but the methods 
of computing them, their relations to geometry, and many 
other particulars respecting them, are only to be understood 
when some progress in mathematics has been accomplished. 
No mention will be here made of any other system of loga- 
rithms than that in ordinary use, so that all definitions and 
explanations must be understood as applying exclusively to 
the common system. 

If n and n be two numerical quantities so related that 
10*= N, then n is called the logarithm of n, or, shortly, 
il=i\og N. From this we see at once, that since 103=1000 ; 
102 = 100; 101 = 10; 100=1; 10-J=tV; ^^-2=^5 10-3= 
y^ ; therefore log 1000=3 ; log 100=2 ; log 10=1 ; 
log 1=:0; log -3^, or, when expressed decimally, log*l = 
— 1; log -01 = — 2; log -001 = — 3; and this list might be 
extended to any integral, positive, or negative powers of 
10 whatever. 

As has been stated, no attempt will be made to show how 
tables of logarithms are computed ; but on looking over a 

I 
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table, it will be evident that the logarithms of numbers 
gradually increase as the numbers increase. Thus the 
logarithm of any number between 10 and 100 will be some* 
where between 1, the logarithm of 10, and 2, that of 100. 
Hence any number of two figures will have for its loga- 
rithm, 1 followed by some decimal. For example, log 37= 
1*5682017. Similarly, any number of three figures being 
between 100 and 1000, its logarithm must be 2 and a deci* 
mal. Thus, log 829=2-9185545. The integral part of a 
logarithm is called its characteristic^ and the decimal part is 
called its mantissa. Hence, from the above instances, we 
may deduce the rule that the characteristic of the logarithm . 
of any numerical quantity is 1 less than the number of 
integral figures in the quantity. 

Thus, log 557-9=2-7465o64, log 8479-628 =3-92837S9. 
From these logarithms we may deduce those of any quan- 
tities having the same significant figures. For since 557*9 

— 102-7465564^ therefore 55790 = 102 7465564 X 102 -. 1047466864. 

Hence 4*7465564 = log 55790. Again, *005579=: 557*9 + 
100000 = 102-7465564 ^ iQS, and therefore the logarithm of 
•005579 must be 2*7465564-5, or - 2*2534435. This is 
the same as — 3 -f '7465564, and we may therefore consider 
the logarithm composed of a negative characteristic 3, and 
a positive mantissa *7465564. To express this, the negatiTe 
sign is written above the characteristic, thus, 3^465564. 
Hence the logarithms of 557*9, 55790, and *005579, all have 
the same mantissa, '7465564, and their respective chara&- 
teristics are 2, 4, and — 3. From this and similar instances 
we deduce the general rule, that the mantissa is the same fw 
all numerical quantities having the same significant ^gures, 
that the characteristic is 1 less than the number of integral 
figures, and where there are no integral figures, it is negaUm^ 
and 1 more than the number of ciphers after the deeimd 
point. The following instances may serve to explain this 
more clearly : — 

Log 24095=^4-3819269. Log 240*95 =2-3819269. 

Log 24095000 = 7*3819269. Log '000024095 » 5*3819269. 
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In ordinary tables of logarithms the mantissa alone is 
7en, and is calculated generally to seven places of deci- 
als, and for all combinations of five figures, from 10000 to 
1999. 

One of the most convenient tables for general use is that 
iblisbed by Messrs. Chambers, in a small volume, price 
r. 6d.y which contains, in addition, the most useful trigo- 
mietrical and other mathematical. tables. 
Having thus explained what logarithms are, it remains 
' show what is their use. First, then, let m and n be the 
garithms of m and n, then 10*=m and 10"=n. Conse- 
lently mxnssIO"**, and therefore w + »=log (mxn). 
[ence, in multiplication, the sum of the logarithms of the 
\ultiplier and multiplicand is the logarithm o/ the product, 
lius multiplication is done by addition. 
Again M-«-N=10"»"*, and therefore m — n=slog (mh-n). 
[ence, in division, the logarithm of the divisor^ subtracted 
'om that of the dividend, leaves as remainder the logarithm 
^the quotient Thus division is done by subtraction. 
Again, m*=10**, and therefore hm—\og (m*). Hence the 
tgarithm of a power of a quantity is the logarithm of the 
uantity multiplied by the number of the power. Thus 
using to powers is done by multiplication. 

Lastly, V M = M* = 10^ and therefore y = log^VnT 

[ence the logarithm of a root of a quantity is the logarithm 
f the quantity divided by the number of the root. Thus 
xtraction of roots is done by division. 

It must be noticed, that we do not, in general, by loga- 
ithms obtain exact answers, but only such as are close 
pproximations to the truth. In such a table of logarithms 
8 has been described, the greatest error that could occur 
rould be 1 in the 6th significant figure; the greatest pos- 
ible effect of which would be to make the result wrong by 
^Vtt per cent. 

The following are examples adapted for logarithmic 
iomputation : — 

I2 
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Divide 7-4898.bT 82-765. 

Here log 7-4898- -8744412 p^,, -wja-qq-t 
1^ 82-765- 19178467 Result =-0904887. 

'2-9565945 -log '0904887 

Find the continued product of 7*865.% 216*49, and -0352, and di?i(ie 
it by -189. 

Here log 7-8653- '8957153 
log 216*49-2-3354378 
log '0352 - 2*5465427 

1-7776958 -log 59-9371 
log -189 - "1-2764618 

2 5012340-log 317-1276 

Therefore the results are 59-9371 and 317-1276. 

In how many years will any principal increase to five times its 
amount at 4 per cent, compound interest? 

Any principal p will in t years at 4 per cent amount to p x (I *04)*, and 
hence from the conditions of the question (1*04)* must be equal to 5. 
Hence t x log (1*04) must be equal to log 5, and therefore T— log 5-r 
log ( 1 -04) - -6989700 -f- -01 70333, or about 41 *0355 years. (Note 0.) 

Find the present value of an annuity of £200, to commence in 5 years 
and to continue 15, on the supposition of compound interest at 4 per 
cent 

Here the present value of the first annual payment will be £200 -r 
(1-04)*; of the second, £200-4-(l*04)«; of the third, £200-=- (1-04)'; and 
so on, these present values being £200 successively multiplied by the 
terms of a geometrical series, of which the first term is I -s-(l-04)^ and 
the common ratio is l-r(l*04). Hence the 16th term is l-i.(l-04)» 
Applying logarithms to calculate the value of this expression we find it 
to be '456388, and the value of the 1st term is -821927. The sum of 15 
terms of the series will consequently be '821927 — '456388, divided by the 
difference between 1 and (1 -5-1*04), or 1 — "961538 or '038462. Tht 
sum of the series is therefore '365539 -^*038462, or, as may be found bj 
logarithms, 95*039; and hence the value of the deferred annuity is this 
quantity multiplied by £200, that is, £1900*78, or £1900 IBs, 7d, nearij. 



Find, by logarithms, the values of— 

1. 874-372 X '05361. 

2. 7298*1 X -00326. 

3. 43879 -^ 675980. 

4. 27-635 X 81-257 x -0003762 x 530000. 



\ 
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5. The 16th term of the o. s. 8*8, 9*68, 10*648, &c. 

6. The sum of 22 terms of the o. 8. K)12, *U4, •1728, &c. 

7. What will be the amount of j£577 13«. Sd, for 7 years, at 6 per 
cent compound interest? 

8. What will be the compound interest on jS1047 16s. 2d. for 
13 years, at 3J per cent? 

9. What is the present value of £B99 17 s, 2^, due.5 years hence, 
at 4 per cent, compound interest? 

10. In how many years will any principal increase to six times its 
amount, at 5 per cent, compound interest? 

- 11. A man saves £20 a year, and puts it into a bank where 5 per 
cent, compound interest is allowed. At the end of 20 years from the 
date of his first deposit, he draws out all his money. How much does 
he receive ? 

12. Find the value of an annuity of £300, to commence in 7 years, 
and to continue 11 years, at 4 per cent, compound interest 
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Throughout thie following examples, unless anything be stated to the 
contrary, the following particulars nrc aMumed: — 

1. The ratio of the diameter to the circumference of a circle » 

113 : 355. 

2. The ratio of the area of a circle to that of the circumscribing 

squares* 355 : 455. 
S. A cubic foot of water weighs 1000 ounces avoirdupois. 
4. 11 gallons contain 3030 cubic inches. 

It is not intended that logarithms should be used in any of the 
examples. 

An asterisk prefixed to a question means that an exact answer is not 
required. 



1. Find the value of 14 acres, 1 rood, 12 perches, at £5 7s. Sd. per 
acre. 

2. An advertisement costs IBs, for insertion in a paper where the 
charge is 3d, a line, which on the average contains 10 words. What 
will be the cost of inserting it in a paper where the charge is 6dl per 
line of 12 words? 

3. Find the simple interest on £850 for 2| years at 6| per cent. 

4. If the tax on wine and spirits were increased 50 per Cent, and in 
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conseqaence the amount imported were dipmiuhed 50 per cent, what 
would the Goyemment gain or lose per cent, hj the change? 

5. What dividend would result from investing £1560 in the 3 per 
cents, at 81|? 

6. Find the square root of 2832489 and of 36*343 to four places of 
decimals. 

7. Divide 2 136 among 4 persons, so that their shares may be propor* 
tional to the numbers 32, 26, 23, and 15. 

8. At what rate per cent will £184 amount to £21 3 ISs, in 3j years? 

9. Add together the fractions ^, 8f , 2^, ^, and 4^; find the o.c.]f. 
of 41377 and 62790; the L.aM. of 8, 18, 48, lOS; the value of if of a 
ton, and the decimal it is of 1 lb. 

10. At what time between 4 and 5 will the hour and minute hands 
of a clock be together, and at what time will thev be opposite? 

11. If a coach wheel makes 64 revolutions per minute, whUetbe 
coach is going 8 miles an hoiir, find its circumference. 

12. Find the discount on a bill for £139 ISs. 4d. drawn August 10 
at 60 days, and discounted September 17 at 7^ per cent 

] 3. Newton's ' fusible alloy ' is composed of 8 parts of. bismuth, 5 of 
lead, and 3 of tin. What weight of each is there in 1 cwt of the 
compound? 

14. Multiply -00875 by 2*832; divide *0476 by 21250; and add to- 
gether 7*025, 2|, and 6^, expressing the result as a decimaL 

15. A can do a piece of work in 13 days, which B can do in 17. 
In what time would they do it together? 

16. Find the income arising from investing £1150 \s» in the 3 per 
cents, at 92|. 

17. Find the square root of 4533194241, and the cube root of 
5851-461608. 

18. If -2555 of ^ of 2 qr. Gjlb. of coal cost -0328125 of a shilling, 
what is the price per ton ? 

19. Find the sum of 9 terms of the arithmetical series 8, I Of, 13|, 
&c., and the sum of 6 terms of the geometrical series 100, 80, 64, &c. 

20. Eggs being bought at 5d, per dozen, how many can be sold for 
a shilling, so as to gain 20 per cent.? 

21. A party of 3 men undertake to clear timber on a road through 
the bush, at 1 5s. per chain, and after having been engaged for 50 work- 
ing days, they find it necessary to take on a fourth man, in order that the 
distance of 2 miles 56 chains may be finished in the specified time of 
80 days. What are the average earnings of each man per day? 

22. Supposing the duty on two kinds of foreign wine to be 7t. and 
48. per gallon, and that, by an alteration in the law, an uniform duly of 
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68. was substitotod, and consequently the consumption of the one in- 
creased 15 per cent., and of the other decreased 25 per cent., while the 
cost of collection was diminished from Ad. to Sd. per gallon, the quan- 
tity imported being at first 20,000 and 70,000 gallons respectively, how 
much was imported after the alteration of the law, and what was the 
gain or loss to the revenue? 

23. Find (1) the Simple Interest, (2) the Compound Interest, (3) 
the true Discount on j£396 10«. for 2 years at 5 per cent. 

24. How long will it take for a train 280 feet long, going at the rate 
of 20 miles an hour, to pass another 160 feet long coming in the oppo- 
site direction at 40 miles an hour? 

25. A, B, C, and D invest capital in a manufactory to the extent of 
£400, £600, £800, and £1000 respectively. The profit at the «nd of 
the year being £3^0, how much ought each to receive? 

26. Add together 4f, 2|, ^, 6|| ; reduce |§J and ^ to decimals; 
multiply -Oldl by 29*4^6^$ and divide 0168 by 2^ 

27. If an income of £36 Is. is derived from investing £1017 2m. 6d. 
in 3| per cent, stock, at what price is the stock bought? 

28. In a seam of coal 8 feet thick, 12584 tons are contained in an 
acre. What is the specific gravity of coal, that is, the ratio between its 
weight and that of water? 

29. Separate into their prime factors the numbers 165672, 165025, 
and 71706. ^ 

30. If a certain sum of money will pay A*s and B*s wages for 3| 
days, or A's only for 6 days, for what time would it pay B*8 wages? 

*31. Find the square root of 136*7 and the cube root of ^. 

32. If 4^ of 3cwt. 3qr. 3|lb. cost £12 Us. 11</., what will be the 
price of 1 qr. 16 lb. 

S3. Supposing the Dun Mountain Railway to have a rise of 1 in 20 
for I of its length, 1 in 30 for half its length, 1 in 25 for ^, and the rest 
to be level, what elevation would it have reached in 13^ miles? 

34. Divide 655 guineas among 4 persons in the proportion of the 
numbers 2|, 3|, 4j, 5|. 

35. Find (i) the simple interest on £447 1 5s. for 4 years at 2| per 
cent, (ii) the amount of £136 2s. l\d, for 2 years at 4 per cent. cora« 
pound interest, (iii) the true discount on £188 6s. Sd. for 1| years at 
6 per cent. 

36. Find both the o. c. M. and the l. a x. of the numbers 4320, 5472,. 
6048. ' 

37. A man buys a number of yards of cloth, and a quarter of then^ 
having been stolen, sells the remainder at 5s, 6d. per yard, thereby 
gaining 3| per cent on the whole transaction. His actual gain being 
18«. 9d., how many yards did he buy? 
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38. Find the raloe of ^ of 2cwt 3qr. ; reduce 1 dwt. 11 grains to 
the deeinuU of 1 lb. aToirdnpoit, and rabtnci 2*04761$ of 2 gnineas 
from 1-08445$ of £\S 10s. 

89. A Froffian thaler containing 80 filber groechen is eqniyalent to 
3s, English. Express £20 17«. l(%iL in Prussian mone^. 

40. If -918 of £15 12j; 6<L will pay for a carpet || of 9^ of 6 jards 
long, and -16 of 4| jards wide, how mnch is that per sqoare foot? 

41. A man on horseback leaves Westminster for Pntnej and Bich- 
mond at 2 o'clock, and a man oo foot leaves Pntnej for Bichmond at 
1.30. The former, who rides at the rate of 6| miles an hour, comes up 
with the hitter, who walks at the rate of 3| miles, at 5 min. past 4. Find 
the distance from Westminster to Pntnej. 

42. A cubic foot of elm weighs 42 lb., and 80 planks, each 16 feet 
long and 9 inches broad, weigh 1-125 tons. Find the thickness of the 
plaaks. 

43. A and B together can do a piece of work in 48 days, and A 
and C together can do it in 44. Supposing B's and C's rates of work- 
ing to be as 4 : 5, in what time would thej do it together? 

44. A boy comes home from school three times in the year, and his 
father incautiously promises him a £Eutbing as pocket-money for the 
first holidays, a halfpenny for the second, a penny for the third, and so 
on in geometrical progression. If he stay at school 7 years, thus coming 
home 20 times, what would ho receive in his last holidays, and what 
would he have received altogether? 

45. Find the square roots of the sums of the cubes of the first ten 
numbers, eleven numbers, and twelve numbers. 

*46. In * The Times * of Nov. 14, 1863, a correspondent states that 
in Ireland 5,661179 acres are used for growing crops, 9,719955 are 
grass, 39441 falbw, 318760 woods and plantations, and 4,580589 are 
bogs and waste land. Find as far as two places of decimals what per- 
centage each class of land is of the whole area of the country. 

47. Out of a basket of pears and plums there are 8 pears together 
worth one shilling. The basket itself is worth as much as If plums, 
or 1 J pears. Find the price of a dozen plums. 

48. Find the compound interest on £632 10s. for 3 years at 5 per 
cent. 

49. How many prime numbers are there between 500 and 525? 

50. The cost price of candles being lOd. per lb., the loss from a 
reduction of ^. in the selling price would be just made up by an incresse 
of 20 per cent, in the quantity sold. What is the present selling price? 

51. At what rate per cent, would £1000 amount to £1071 ^,Bd,iA 
2 years at compound interest? 

3S, In the House of Commons, 16 seats being vacant from varioas 



leSCELLANEOUS EXAMPLES. 177 

causes, 0375 of the remaining members voted against the Goyemmcnt« 
and 55 of 1^ were not at the division. The m^ority being 14, what is 
the full number of members of the House? 

*53. The ratio of the diameter to the circumference of a circle is 
1 : 3-1415926536 true to 10 places of decimals. Find the difference 
between this decimal and the fraction |^, and find to the nearest inch the 
error that would arise from taking the latter ratio in place of the former, 
when calculating the circumference of a circle 8000 miles in diameter. 

54. A sum of £2752 I5s. is invested in the 3 per cent, consols at 
9(^, is afterwards sold out at 91 J and the proceeds invested in an Aus- 
tralian 5 per cent, loan at 105. Find the difference of mcome produced 
by the transfer. # 

55. At what times between 5 and 6 will the hands of a dock be at 
right angles to one another ? 

56. Find the present value of £1954 I3s. 9d. due 2| years hence at 
5 per cent, simple interest. 

*57. The weight of a cubic inch of water is 252*458 grains. Find 
the per-centage of error that arises from considering a cubic foot as 
weighing 1000 ounces. 

*58. Find how long a man walking 3 miles an hour will take to 
walk round a circular enclosure containing 50 acres. 

59. £495 is divided among A, B, C, and D. A's share is | of £'s, 
I of C's, and £60 less than D*s. Find the share of each. 

60. A cistern can be filled by one of two pipes in 20 minutes, and by 
the other in 30. They are both opened together, but an obstruction in 
the second causes it for part of the time to discharge only | of the usual 
quantity of water. If the time after removing the obstruction is three 
times that before removing it, how long has altogether been taken to 
fill the cistern ? 

61. What is the present value of £1464 13«. 4d. due 3 years hence 
at 4 per cent, compound interest? 

62. Between 1500 and 2000 how many numbers are there whose 
least divisor is 19? 

63. In the question No. 20, £x. IS, find whether the three men 
would ever be together anywhere but at the starting-point, and, if so, at 
what times? 

64. A man rows a distance of 6| miles in 2 hours 36 miu. against a 
stream running at the rate of 2| miles an hour. How long would he 
have taken to row the same distance with the^ stream ? 

65. A cubic foot of iron weighs 480 lb. What is the length of the 
edge of a cubical block of iron weighing *0735 of a ton? 

66. Find the 18th term and sum of 27 terms of the arithmetical 

13 
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progression 7, 12, 17, and the 5th term and sum of 7 terms of the 
geometrical progression, 1 1, 33, 99, &c. 

67. If the true discount on a certain sum were £2 17s. Sd,, interest 
being at 5 per cent, what would it be if interest were at 6 per cent? 

68. By transferring from the 3 per cents, to the 3j per cents., a man 
increases his income in the ratio of 1^9 : 168. The price of the former 
btock being 91, what is the price of the latter? 

69. If 15 oz. of gold, 20 carats fine, be mixed with 9 oz. 18 carats 
fine, and the mixture afterwards refined down to 21 carats fine, what 
will then be its weight? 

70. If 20 per cent, is gained by selling walnuts at 6d, per 100, what 
would be gained by selling them at 14 for a penny? 

♦71. Find the 6th root of 18. 

72. The difference in the incomes arising from investing a certain 
sum in the 3 per cents, at 92, or the 3j per cents, at 107| is U* 9d. 
Find the sum to be invested? 

73. If A, 6, and C can do a piece of work in 8, 10, and 12 days 
respectively, in what time would A and B do it with C's help for half 
the time? 

74. The true discount on a bill for jg218 13s. 4d. is £5 es,Bd. 
What does a banker gain by charging common discount? 

75. A father leaves to his six sons shares of his property, which de- 
crease in geometrical progression from that of the eldest to that of the 
youngest. If the shares of the second and fifth are £1782 and £528 
respectively, find that of the eldest, and the amount left altogether. 

76. Two boats start at 12 o'clock for a race. At 5 minutes past 13 
the losing boat is 832 yards from the winning flag, and at 8 minutes pan 
12 the winning boat comes in 64 yards a-head. Find the length of the 
course, and the speed of each boat in miles per hour. 

77. Divide £14519 lOs, in the ratio of the quantities 20, 16*125, 
15-3S7 and 14^\-. 

78. A cubic inch of air weighs *31 grains. How many cubic feet 
must a balloon contain in order that when filled with gas of | the 
weight of air, it may just sustain a total weight of 5 cwt S qr. 7 lb. ? 

♦79. The velocity acquired in falling from a height being propor- 
tional to the square root of that height, find what velocity will he 
acquired in falling 1000 feet, if that due to a fall of 100 feet is 80*225 
feet per second. 

80. The interest upon £3126 6^. 8d, being £117 4s, 9d., find whit 
would be the true discount for the same time, and at the same rate per 
cent 

SI. Separate into their prime factoiy the numbers 108680, 48128, 
and 114954. 
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82. An increase of 10c/. in the price per lb. makes a di^cirence of & 
in the rate per cent, of profit. At what price most a ewt^ be sold so a& 
to gain 15 per cent. ? 

83. Two men start at 1 o'clock from the same pointy walking in oppor« 
site directions at the rate of 3| and 4 miles an hoar fespeetivelj.. At ai 
quarter past one, a man riding on* horseback^ at the rate of 7 miles per 
hour, meets the first. At what time will he overtake the second? 

84. Supposing the specific gravity of standard gold to be 18*36^ 
what is its value per oz. troy, if 74137 sovereign3^ ate coined out of 
1966^ cubic inches? 

85. Find the compound interest on £9:50 for 2\ yeaxs at 5 per cenC 
per annum. 

86. £1 is divided among 4 children proportionally to their ages,, 
which are in arithmetical progression,, and altogether amount to 40i 
years. The ieldest gets 4«« 6d^ more than the youngest. What are 
their ages ? 

87. A publican pays for brandy, whiskey, ajid gin» prioes in the pro>« 
portion of 7 : 5 : 3, and sells them at a nominal profit of 30, 25^ and ZOi 
per cent, respectively* He» however, increases his profits by adulteration,, 
adding to the brandy 25 per cent* of an inferior spirit, worth on\y ^ as 
much, to the whiskey^ 20, and to the gin» 10 per cent, of wat^r^ Hia 
customers consume the three in the proportion of 1 ; a : 8;^ his actual 
gain on the whiskey is S«* 4d per gallon sold* and the amount spent on 
t1ie spirit for mixing with the brandy £.15 8«, a year. Find the annnal 
profit on each of the three* 

88. By selling a quantity of merino at 2«« 6ds a yard there is a gain 
of £l ISs, 4d., and by selling it at 2«. 2d^ there is a gain of 80 per cent« 
How many yards of merino are there? 

89. A gentleman delays making an investment in consols, and by so 
doing gains 38. 2d, of income through the funds falling fr^m 91| to 
90|. What was the sum invested? 

90. The amount of £3200 iiX simple interest for 3 years is £3560. 
What would it be if the interest were compound ? 

91. Suppose the hour and minute hands of a watch to move in con« 
trary directions, each having its own circle of figures on the dial, the 
figures in the one circle being placed in contrary order to those in the 
other. (1) The hands being together at 12 o'clock, how many times 
will they again be togethei^ up to and inclusive of their nei(t meeting at 
12? (2) At what time between 3 and 4 will they be together? (3) 
At what tiroes between 7 and 8 will they be at right angles ? 

92. Find the number of circulating and non-circulating figures in 
the decimals equivalent to the fractions J|f, ^§§§5, Igffff. 
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93. A swimming bath, which can be filled by one pipe to a depth of 
4 feet in 40 minutes, and emptied by another in 25, is being filled, and 
the water has a depth of 1 ft. 6 inches, when a hoj mischievously opens 
the waste pipe. Some time afterwards the bath attendant comes in 
finds only 6 inches of water in the bath, and closes the waste pipe. 
How long does it altogether take to fill the bath, and, supposing its area 
to be 61 sqaare yards, how many gallons of water are wasted by the 
boy's mischief? 

*94. Find the diameter of a circular pond 3 feet deep, which contains 
10000 gallons of water. 

.95. A steamboat, 110 ft. in length, starting at 1 o'clock from London 
up the Thames for Hungerford, meets another of equal size and speed 
coming in the opposite direction, takes 6j seconds to pass her, and 
arrives at Hungerford at 10 minutes past I. The tide being supposed to 
be ebbing at the rate of 3 miles an hour, find the distance from London 
to Hungerford, and the time takeu by the second boat to perform the 
journey. 

96. If the compound interest on a sum of money for 2 years at 4 per 
cent is j^l 16«., what would be the true discount on the same sum at 
the same rate for the same time ? 

*97. If 20 Austrian florins can be coined from a Cologne mark 
(3608 grs. troy), and the price of standard silver |J fine is 5s, an oz., 
what par of exchange in florins per £ is established between London and 
Vienna ? (1 florin « 60 kreut^ers. ) 

98. A dial-plate has three hands, like the hands of a watch, moving 
upon it. The first goes round in 19 seconds, the second in 22, and the 
third in 26. If they all begin to move in the same direction ftom the 
same point, show that they will again be together at that point in 1 
hour 30 minutes 34 seconds; that they will never be together before this, 
but that«Qfne two out of the three will be together 154 times during 
this period. 

99. What is ,the area of a gravel walk 3 feet broad round a circular 
grassplat 1 68 ft. in diameter^ 

100. Three children are employed in colouring picture-books for a 
bookseller, and can colour 30, 32|, and 33f in an hour respectively. 
While occupied on one parcel they have four times been all thiee com- 
mencing a book at the same moment, and when the parcel is finished, 
the first and third leave off together, while the second takes between I 
and 2 minutes more to finish the one he is colouring. How many books 
are there in the parcel? 
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NOTES. 

NoTB A. Page 4. 

In France a somewhat different method of expressing numbers in 
words is adopted. The two systems agree as far as millions, but a 

* billion,' which in England is a million millions, or when expressed in 
figures 1,000000,000000, is in France only a thousand millions or 
1000,000000. Also in the French system a trillion is a thousand bil-* 
lions, a quadrillion is a thousand trillions, and soon; and hence it is 
found convenient to separate figures into periods of three, instead of 
periods of six, as we do. It will be a sufficient illustration of the above 
difference if we separate into periods and express in words the number 
of arrangements of draughtsmen according to the French mode. It 
would then be written 677,794,282,450,430,456,394,720, and be read 

* Six hundred and seventy-seven sextillions, seven hundred and ninety- 
four quintillions, two hundred and eighty-two quadrillions, four hundred 
and fifty trillions, four hundred and thirty billions, four hundred and 
fifty-six millions, three hundred and ninety-four thousand, seven 
hundred and twenty.' 

NoTB B. Fagb 8. 

When 10 has been added to the upper figure in order to make sub- 
traction possible, it is more usual to make up for this by adding one to 
the next figure of the subtrahend (or number to be subtracted), than by 
taking one away from the next figure of the minuend (or number to be 
diminished). The second method is, however, not unfrequently adopted. 
The two are%o doubt equally accurate, but the first is more conveni- 
ently applicable to the short form of division mentioned in the next 
note. 

Note C. Page 17. 

The form of an example in division may be conveniently abbreviated 
by omitting to write down the products of the divisor by the successive 
figures of the quotient, and performing the opera- 489)3617455/7397 
tions of multiplication and subtraction together. ^944 

Thus taking the instance already worked out, the 4775 

shorter form would require the following work to 3746 

be gone through in the mind. * Seven times 9 are ^^^ 



182 NOTES. 

63, 63 from 67 leaves 4; 7 times 8 are 56 and 6 are 62, 62 from 71 leaves 
9; 7 times 4 are 28 and 7 are 35, 35 from 36 leaves 1. Bring down the 
next figure 4; 3 times 9 are 27, 27 from 34 leaves 7; and so on. It is 
convenient to be able to ase this shorter form of Division readily; and 
although there may be a little difficalty in changing from the one to the 
other, the increased facility is quite worth the trouble. 

Note D. Pagb 30. 

It is easy to say that our tables of weight and measure, and in a less 
degree our table of money, are inconvenient, but it is difficult to give 
even a sketch of the numerous questions that have to be considered when 
any alteration is designed. A help towards doing this will be afforded 
by first giving an account of the French system, which is in most respects 
a complete contrast to our own. The standard is entirely difi^^rent — 
namely, the length of a quadrant of the earth's meridian, the ten mil- 
lionth part of which is called the metre, and serves as a basis for what is 
termed the metrical system. The Greek words for ten, hundred, thou- 
sand, &c., are used to express multipliers, and the corresponding 
Latin words are used to express divisors, so that a decametre, hectometre, 
and kilometre mean 10, 100, and 1000 metres; while a decimetre, centi- 
metre, and millimetre mean ^, ■^, and j^ of a m^tre respectively. The 
standard for land measure is the are, a square decametre, that for capa- 
city is the litre, a cubic decimetre, and that for weight the gramme, which 
is the weight of a cubic centimetre of water under certain defined con- 
ditions. The Greek and Latin prefixes are used with these words just as 
with the word metre, and thus we speak of a hectare, a decilitre, or a 
kilogramme. There is much simplicity and consistency in this system, 
and many persons advocate its adoption in England. It possesses, 
however, some disadvantages. The standard is one not easily verified. 
It is very difficult to measure accurately the quadrant of the meridian, 
and it has been in fact found that the measures from which l^e length of 
the mdtre was determined were slightly erroneous. On the other hand, 
the standard is cosmopolitan, showing no preference for any one country 
over another, whilst the English * yard ' depends upon the length of a 
seconds' pendulum in the latitude of London, and the former is on this 
account more likely to be universally adopted. Again, the French 
tables proceed from one denomination to another by the number 10 only; 
and although this has the great advantage of making concrete numbers 
and abstract numbers both increase and decrease according to the same 
scale of local value, still the number 10 is not the most convenient that 
could have been chosen. Out of all the numbers from 1 to itself only 
two divide it, namely, 2 and 5, while 12, which is very little greater, has 
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four factors, 2, 3, 4, and 6. Some persons saj, therefore, that the advan- 
tage we derive from having 12 so frequently in our tables is greater than 
that arising from the uniformity of the French system. Others maintain 
that the great point is to make the same rules and processes do for both 
abstract and concrete numbers. Others hold that the principal object is 
to secure uniformity in the weights and measures of different countries, 
and that other considerations are subordinate. Some are hopeful of 
success in establishing a decimal system for money, but do not intend to 
apply it to weights and measures. Others think that the one reform 
would be useless without the other. Again, a distinction is sometimes 
drawn between the decimal system and the metrical system, and the 
former approved of, while the latter is objected to. Lastly, there are 
those who urge that, before any alteration, we should thoroughly make 
up our minds as to what we think absolutely best, so that there may be 
no need to change again; and on the other hand it is contended that our 
present system is so bad that any tolerably sensible change must be an 
improvement. 

Note E« Page 32. 

The chief authorities on Arithmetic are not in accordance on this 
point. In Colenso*s Arithmetic a quantity less than a penny is ex- 
pressed as a fraction of a pennytand in that by the Rev. Barnard Smith 
such a quantity is expressed as farthings and fractions of a farthing, 
the letter q being used in addition to the ordinary £ s. d. 

Note F. Page 53. 

For a number consisting of more than 3 figures the following test is 
sometimes useful: — If it be supposed divided into periods of three figures 
from the right, and the difference between the sums of the odd and even 
periods is divisible by either 7 or 1 1 or 1 3, the number itself is so divi- 
sible. Thus 27335 is divisible by 7 and 11, but not by 13, because 335—27 
or 308 is so. Again, 57354281 is not divisible by either of the three, 
because354 — 281 — 57 or 16 is not This test is more apparently than 
really complicated, and may be applied to many numbers almost at a 
glance, while it has moreover the advantage of testing for three divisors 
at once. It is, however, mentioned here mainly as a matter of curiosity. 

Note G. Page 54. 

The farthest point to which a separation of numbers into their prime 
factors has been carried is by a member of the French * Academic des 
Sciences,' and of many other scientific bodies, named Burckhardt, who 
poblished tables of the least divisors of all numbers in the second and 
third million. This was intended as a continuation of previous tables 
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by others, bat lie finally determined to pnblish one for the first million, 
in which the errors in the former tables shonld be corrected. Copies of 
the three millions bound in one yolame, or of each million separately, 
are still to be occasionally met with. The first million which, as has 
been stated, was the last published, has, at the foot of the title page, 
* Paris, Mme. Y** Courcier, Imprimateur-Libraire pour les Mathema- 
tiques, me du JardinetyNa 12. 1817.' 

Note H. Pagb 58. 

The short method of division given in Note C may be applied to the 
work of finding the o. cm. The first two of the four given examples 
would then appear thus : — 



S696 


10080 


2676 


8848 


1008 


2688 


336 


1120 


336 


672 




112 



Note L Page 75. 

Sometimes it is required to multiply or divide, retaining only a certain 

number of decimal places in the product or quotient. The following 

are examples of this:— Multiply 827*6395 by *17842, and divide 639'7218 

by 329, and 171*963 by 2*835, in each case retaining three decimal 

places in the result. 

827*6395 329)639*7218(1*944 2*835)171*963(60*6571 

24871 8107 18630 

679348 ** ™ 

66211 * 7 

3310 ^ 

166 The results are, therefore, 147*667; 1*94; 60*657. 



147*6674 

In either case the decimals should be found to one more than tbe 
required number of places, and in multiplication the unit figure of the 
multiplier, or its place, if there be none, should be put under the decimal 
place of the multiplicand (in this case t)ie fourth) to which the product 
is required to be accurate. The figures of the multiplier are to be put 
down in reverse order, and in the multiplication by each of them a 
beginning is to be made with the figure immediately above. In division 
the work proceeds in the ordinary way until we arrive at a point such 
that we are as many quotient figures distant from the last decimal place 
required as there are figures in the divisor. We then, instead of bringing 
down any more figures from the dividend, imagine one taken off from 
the right of the divisor every time. In both multiplication and division 
allowance must be made for the numbers which would have been carried 
if the multiplication had been entirely worked out. 
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These methods of contracted multiplication and diyision are open to 
one very grave objection, which aknost entirely destroys their practical 
value. If they are used, the proof by casting out the nines becomes in- 
applicable, and it is in general better to use the longer form than to give 
up the power of employing this useful test 

NoTB K. Page 130. 
The following method of calculating Compound Interest is based upon 
the expansion of the equation Tl + -^^T into a series by the aid of the 

binomial theorem. It is useful, as it enables us to approximate rapidly 
to a correct result when a table of logarithms is not at hand. Let it be 
required to ^find the. compound, interest on £732 19s. ed, for 23 years 

at 4 per cent. Here ~ is — or -L Let the principal be multiplied 

^ 100 100 25- r tr- r 

by 23 X ^. Let this first product be multiplied by ^x^^ forming 
a second product, which must be multiplied by ^ x ^^ for a third 
product, this again by ^^ x ^, and so on. The sum of these products 
will be the compound interest, which we can thus determine to any re- 
quired degree of accuracy. Now £732 19s. 6J.b £732*97 5. 

732-975 x\»x ^-674-337 

674-337 X V X ^«296-70828 

296-70828 x ^ x ^« 83*07831 

83 07831 X ^£ x ^» 16-61566 

16-61566 X V x^» 2-52558 

2 -52558 X \f X ^ = '30306 

•30306 X y X ^ « -02944 

•02944 X V X ^ » •00235 

•00235 X V xj^ « -00016 

1073^59984 
The compound interest is therefore £1073-6, or £1073 12«. nearly* 
The applicability of this method to mental calculation is iully 
explained in a pamphlet published by the Institution of Civil Engineers, 
containing a report of two lectures on Mental Calculation, delivered at 
meetings of that society by G. P. Bidder, Esq., Vice-President. The 
subject of these lectures is one which scarcely comes within the scope of 
the present work, and the reader is therefore referred to them as afford- 
ing the soundest and most valuable information on this branch of arith- 
metic. At the same time they touch upon points which, though bearing 
upon Mental Calculation, have reference also to arithmetic generally. 
The subject of the present note is an example of this, and the next note 
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is merely a short statement of what will be foand mture full/ explained 
in the lectures referred to. 

Note L. Fags 158. 

A perfect square number most end in 1, 4, 5, 6, or 9, and the last 
digit bnt one may be any even digit before the figures 1, 4, 5, and 9, 
and any odd digit before 6. A perfect cube number may end in 
any combination of two digits whateyer. In general there are fuor 
endings of two figures which will give the same last two figures in 
the square. Thus, numbers ending in 07, 43, 57, and 93, all have 
squares ending in 49; and numbers ending in 26, 24, 76, and 74, all have 
squares ending in 76. In the particular case where the number ends 
In 5 the square must end in 25, but 05, 45, 55, and 95 give 025 in the 
square; 15, 35, 65, and 85, give 225; and 25 and 75 give 625. 

In general there are two endings of two figures which will give the 
same last two figures in an even cube. Thus numbers ending in 34 
and 84 have cubes ending in 04, and numbers ending in 42 and 92 hare 
jtnheB ending in 88. For an odd cube there is only one such ending. 
Thus numbers must end in 39 if the cube ends in 19, and in 37 if the 
cube ends in 53. In the particular case where the number ends in 5 the 
cube must end in 5; but 05, 25, 45, 65, and 85, give cubes ending in 
25, while 15, 35, 55, 75, and 95, give cubes ending in 75. 

Note M. Page 163. 
When the common ratio is less than 1 the terms of a geometrical 
series continually diminish,, and may, by taking a sufficient number of 
terms, be made as small as we please, and consequently is the limiting 
value of the last term of such a scries, when the number of terms is 
indefinitely increased.' We may therefore apply the general rule to the 
case where a diminishing series is continued for ever. As the last term 
is nothing, the sum of the series must be the first term divided by the 
difference between the common ratio and unity. Thus the sum of the 
infinite series 14, 12, lOf, &c., is 144-(1 ~f) or 98. The sum of 1 +|+ 

1 + &c., to infinity is 1 -r (1 — ^) "" ^i^ ^ S^^ ^^^^ ™^y ^® obtained of the 
Way in which the sums of such, series approach a limit, by taking a strip 
of paper, and cutting off it lengths in G. p., as for example, 3 inches. 

2 in., 1| in., and so on, and measuring to find how much has been cat 
off altogether. 

Note N. Page 169. 
It may, at first sight, seem strange that any number whatever when 
raised to the power of should be equal to 1. The difficulty is how- 
ever removed by considering this as an instance of a limiting valae. 
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Take any number, say 40000, and, by successive applications of the 
rule for square root, find its second, fourth, eighth, sixteenth, &c^ root. 

In this way we should find (40000)^=1-1801; (40000)^-1-0209; 

(40000) *09W^ 1-0026; (40000) sSTes^j-oooS. Here the root continu- 
ally approaches unity, as the fractional index becomes smaller, and may, 
by continuing the process far enough, be made as near to unity as we 
please. Hence in the limit (40000)* ^=1. 

Note 0. Page 172. 
The answers to this question and to the similar one. No. 10 of Ex. 44, 

are not strictly correct, as the equation AssP A + -^) <loes not give 

the amount at compound interest perfectly correctly when t is some 
number of intervals, and a fraction of an interval besides. This Inac- 
curacy is owing to there being a Simple Interest calculation required to 
determine what is due for the fraction of an interval, and this would 
follow a different law from that of the equation. The effect of using this 
slightly inaccurate method is to make the amount at compound interest 
a little too small, and similarly in the case of present value to make the 
result obtained a little too large. To give an idea of the extent of this 
error we wilUake the case of £1000 at 5 per cent, compound interest 
for 2| years. Here, according to the correct plan, the amount for 
2 years being 1102*5, the simple interest on this for | year would be 
added, making 1130*0625, or £1130 U. 3J., while the amount calcu- 
lated from the expression 1000 x (1*05)^ would be £1129 148, 6d, The 
error therefore arising from this mode of calculation is very trifling, even 
where, as in this instance, a case has been selected, giving a compara- 
tively large amount of inaccuracy* Applying the above explanation to 
the example worked out on page 172, we find from dividing log 5 by 
log (l'()4) that the time is between 41 and 42 years. In 41 years a 
principal of £l would increase to £4*99304, thus leaving £00696 to be 
made up by simple interest for a fraction of a year. The time requisite 

*0096 100 

for this would be x — : or *0348 years. Hence, the correct 

4*99304 4 "^ 

answer would be 41*0348 years, or somewhat less than that previously 

obtained. In Ex. 44, No. 10. the time is first found to be between 36 

and 37 years. A time of 36 years gives £5*7918 for the amount of £l, 

leaving *2082 to be accounted for, and this is due to simple interest for 

*7189 of a year, making the true answer 36*7189, instead of 36*7227. 
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ANSWERS TO EXAMPLES. 



(1) 29; 86; 57. (4) 24902; 389746. 

(2) 354; 519; 608. (5) 15,643528; 72,001004. 

(3) 2511; 8796; 13009. (6) 3002,000400,000017. 

(7) fifty-six; seventy-three; eighty-fire. (8) Seven handred and 
twenty-five; nine hundred and thirteen; Eight handred and four. 

(9) Four thousand, seven hundred and forty- two; Seven thousand 
and six; Twenty-three thousand, five hundred and eighty-nine. 

(10) Fifty-one thousand, nine hundred and seventy-six. Two 
hundred thousand, three hundred and six. 

(11) Forty-eight millions, two hundred and seventy-five thousand, 
three hundred and nineteen. Six hundred and seventy-five millions and 

thirty-two. 

(12) Five billions, one hundred and seventy-nine thousand five hun- 
dred and eighty-four millions, three hundred and sixty-two thousand, 
eight hundred and fourteen. Nine hundred and for^ billions, three 
hundred and twenty-thousand and five. 



(1) 929. 


(5) 93396. 


(9) 484192. 


(13) 2. 


(2) 242713. 


(6) 319133. 


(10) 104763. 


(14) 29 


(3) 332685. 


(7) 417. 


(11) 35108. 


(15) 1. 


(4) 596992. 


(8) 2678. 


(12) 10889. 





(1) 48251; 39245; 603659. 

(2) 295029; 630806; 1,180500. 

(3) 27,776954; 33,738660. 



(1) 14387 rem. 1; 10309 rem. 7; 

39640 rem. 2. 

(2) 7011 rem. 3; 6471 rem. 1; 

53262 rem. 7. 

(3) 5287 rem. 1; 5029 rem. 3; 

4806 rem. 11. 



(1) 17526f; 5437J; 7296J. 

(2) 874^; 2470^; 2995|f. 

(3) 87JI; 738^; 484^. 



3. 

(4) 27,313910; 484,935168. 

(5) 51,981052; 437,326555. 

(6) 5767,193817; 961,681644. 

ft. 

(4) 17820 rem. 22; 16977 rem. 7. 

(5) 8148 rem. 75; 8267 rem. 90. 

(6) 20150 rem. 221; 14665 rem. 

26131. 

(7) 6773 rem. 4696; 1432 rem. 

1234. 

5. 

(4) \h 7^; i|5 2?. 

(5) 341; 94|; 19; 413|. 

(6) 351; 104|; 789|; 131 If. 
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V.' / 45* 200 » 192» 45* 
/ON 19. 29 . 181 , 177 
\°J T5» 295» S20» 784* 

(10) I; I 



6 . 3. 13. Ill 
8 » 8» 76» 625* 



(1) 658361; jfil0l3 7«. lljrf. 

(2) 395684; 76958. 

(3) £117106 15«.; 296381. 

(4) 87625; 83847. 

(5) 12016 h.g. 58. 8rf.; 796142. 

(6) 4178 cr. 3rf.; 96273. 

(7) £340 16«. Sd.i £931 I9s, 10|A 

(8) 10919 g. 16«. 6(f.; 10033 fl. 

U. 7\d, 

(9) 695327; 743681. 

(10) 21996 qr. 7 lb. loz.; 149 tons 

9cwt. 3qr. 18 lb. 13 oz. 
15 dr. 

(11) 784259; 177 St. 3 lb. lOoz. 

Idr. 

(12) 785361;168lb. loz. lldwt. 

I5gr. 

(13) 6 oz. 2 dr. 2 sc. 8 gr.; 34 lb. 
6dwt. 16 gr. 



(11) 7J; 18 ; 80; 83l. 

(12) 20|; 98; 210; S^, 

(13) 53^; lllj; llO^Jj; 110j|. 

6. 

(14)720608; 61 Id. 5 bos. 1 gaL 
3 qt 1 pt 

(15) 7654123; 2182 ba9. 6gal. 3qt. 

(16) 7582734; 15mile84far.l247d. 

3 in. 

(17) 63549; 538po. 47d. 2ft. 9 in. 

(18) ,673833; 65 lea. 7 fur. 168 yd. 

1ft, 

(19) 693548 ; 588 sq. yd. 5 ft. 73 in. 

(20) 624783; 310rood8 1194yd. 

(21) 25 perches 4 yd. 7 ft. 136 in. 

I sq.mile 393 acres 280 yd. 

(22) 8647235; 199 cub. yd. 1 ft. 

1359 in. 
(23)98543612; 14yr. 95day8 

17 hr. 31min. 
(24) 93276245 ; 62 days 1 hr. 

46 min. 



Ex. 7. 



(1) £85 6a. Id. (2) £l07 2». 4|d. 

(3) £185 6s. 5ld, 

(4) £32 78. Id, 

(5) 35 tons 13 cwt. 1 qr. 25 lb. 

(6) 2 cwti 2 qr. 2 lb. 11 oz. 5 dr. 

(7) 25 lb. 6oz. 17dwt. 7gr. 

(8) 48 bus. 1 qt. 

(9) 25 Id. 3 qr. 3 bus. 

(10) 27 lea. 2 m. 5 fur. 29 po. 

(11) 133 mi. 7 fur. 68 yd. 1 ft. 

(12) 23 po. 10 in. 

(13) 52 po. 4yd. 9 in. 

(14) 16 ells 2qr. 2na. 

(15) 87 sq. yd. 8 ft. 115 in. 

(16) 126 acres 581 sq. yd. 

(17) 22 acres 2 rd. 4 J sq. yd. 

(18) 174 cub. yd. 15 ft. 1386 in. 



(19) 17 yr. 14 days 9 hr. 24 min. 

(20) 22 wk. 1 d. 9 hr. 

(21) £26 2«. 6|<;. 

(22) £29 Ss. 7ld. 

(23) 3 tons 16 cwt. 2qr. 22 lb. 

(24) 221b. 6 oz. 15 dr. 

(25) 8 lb. 8 oz. 13 dwt. 12 gr. 

(26) 1 oz. 5 dr. 2 sc. 15 gr. 

(27) I bus. 3 pk. 1 gal. 1 qt. 

(28) 1 mi. 6 fur. 131yd. 2 ft. 

(29) 2po. 3yd. Sin. 

(30) 6sq. yd. 7 ft. 61 in. 

(31) 13 acres 2 rd. 19 per. 

(32) 3 per. 29 sq. yd. 6 ft. 88 in. 

(33) 10 cub. yd. 22 ft. 1631 in. 

(34) 6yr. 177d. 5hr. 

(35) £6 68, 7ld. 
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(36) £A \St, 8{dL (39) 2 tons 12 cwt. 21 lb. 

(37) :S13 13c SjdL (40) 2 cwt 2qr. 23 lb. 7oz. 

(38) £32 9s. 5|d: 



(1) £23 9«. 7J</. (II) £1096 3*. 5d. 

(2) £53 Of. IJdl (12) 209 Id. 2 qr. 3 bus. 

(3) £81 16«. li<L (13) 371 jr. 99 d. 2hr. 86 m. 

(4) £166 St. 4^ (14) £369 lU. 6|d: 

(5) £280 lU 3dL (15) £360 ISs. ^d, 

(6) 3 tons 6 cwt 3 qr. 1 lb. 13 oz. (16) 2 tons 19 cwt II lb. 1 1 os. 

(7) 25 lb. 6 OB. 7 dwt 4 gr. (17) 319 sq. yd. 4 fk. 4 in. 

(8) 135 ml 5 far. 113 yd. 1ft. (18) 61 15 acres 2 rd. 

(9) 13 pa 37d. 2ft. 6in. (19) £250 Ss. lOd, 

(10) £441 14«. 4jd (20) 8 tons 19 cwt. 2 qr. 6 lb. 1 1 oz. 



(1) £5 48. 3}J. (16) 2qr. 24 lb. 2 oz. 12 dr. 

(2) £6 12«.3id (17) 7ffin. 

(3) £8 2«. 6i</. (18) loz. 12 dwt 10|gr. 

(4) £7 19«. 3|a: (19) £4 8*. Ud. 

(5) £9 7a. 6^. (20) £13 2«. S^. 

(6) £2 5«. 7^. (21) £14 98. ^d. 

(7) £2 18«. 2|<f. (22) 4 gal. 1 qt. 

(8) £1 7a. 9^ (23) 56 days 16 hr, 2nL 12^sec 

(9) 1 qr. 24 lb. 5oz. (24) 11 sq. yd. 3 ft. lUffin. 

(10) 31b. 3oz. 18 dwt 17 gr. (25) £3 13«. 10j<f. 

(11) 16 lb. 4} oz. (26) 1 cub. yd. 19 ft 531 in. 

(12) 3 mi. 217 yd. 1 ft. 7 in. (27) £17 4a. 9jg§d 

(13) £3 \a. 6|rf. (28) 13f. 7^. 

(14) £9 16«. 6^ (29) 12«. 6|Jg§d. 

(15) £4 U. 4^jd (80) £1 11«. 2i|J<i. 

8z. 10. 

(1) 5. (2) 13. (3) 43. (15) 38 yd. 1 ft. 1 in. (16) 2 yd. 

(4)81. (5)113. (6)149. (17) 11 yd. 2 ft. 9 in. 

(7) 17. (8) 4 cwt 7 lb. 10 oz. (18) 12 yd. 8 in. 

(9) 3 sq. yd. 3 ft. 23 in. (19) 3 cub. yd. 1 ft 204 in. 

(10) 18 sq. yd. 3 ft. 114 in. (^) 46 cub. yd. 17 ft 941 in. 

(11) 16 sq. yd. 1 ft 134 in. /(21) 27sq.yd. 6 ft. 108 in.; 37 yd. 

(12) 49 sq. yd. 45 in. (22) £5 3*. Ijif. 

(13) 39 sq. yd. 7 ft 1 19 in. (23) 54 cub. ft. 1 188 in. 

(14) 54 8q.yd.3ft57in. (24) 1 ft. 6 in. 
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MISCELLANEOUS EXAMPLES. Pagb 47. 

(1) 77716263; 1231. (26) 14 yd. and 7 yd. 

(2) £40 2tf. 3c/.; 1 ton 3 cwt. (26) 11 acres 1204 sq. yd. 4 ft. 

2 qr. 61b. 7oz. (27) £l. (28) £16 6«. 11|</. 

(3) £77 3a. 5^. (29) 23. (30) 432000. 

(4) 3 roods 220yd. (5) 103047. (31) £12 18«. 9jrf., £10 13*. 6j</., 

(6) 287303161; 3359|||. £7 12« 2|<f., £4 19«. 8^. 

(7) 752; 120556 and 2«. (32) 141 days. 

(8) 3 gallons lqt.;3f pt.; 3 weeks. (33) £242 13«. 10|(f.; £8 78, 4|^. 

(9) £2 10*. Sid. (10) 989411.' (34) £l 1«. (35) 102665J. 
(11) 61. (12) 2«. 7|c?. 

(13) 18 sq. yd. 7 ft. 18 in. ; 25 yd. (36) £l 13*. B^d. to each man, and 

2 in. 16*. 7|i/. to each woman. 

(14) 120240; 12 wk. 6 d. 18 hr. (37) 2838; 48. (38) iO*. Sd, 

41 m. 31 sec. (39) lll| seconds. 

(15) £481 13*. Ojdl ;£13 16*. lO^d. (40) 24 tons 6cwt. 17 lb. 2 oz. 12dr. 

(16) 7. (17) 40. (18) 10 days. (41) 420. (42) £547 17*. Qd. 
(19) 405. (20) £3 6*. Sd, (43) 42 gallons. 

(21) 1 lb. 6 oz. 13 dwt. 22 gr.; 26 (44) £600, £400, £300. 
Id. 2 qr. 4 bush. 6 gal. 2 qt.l pt. (45) 2*. 7j(f. 

(22) £1 17*. 7^. (46) 84 dozen at 3d. and 42 dozen 

(23) 1 ton 6 cwt. 2 qr. 13 lb. 7 oz. at 4d, 

6 dr.; 6 yr. 284 d. 2 hr. (47) £2075 18*. 9rf. (48) 1800. 
36 min. 15 sec. (49) £16 0*. lOd. 

(24) £903 15*.; £12 1*. (60) 367 sq. yd. 4 ft;. 16 in. 

Ex. 11, 

(1) 103, 107, 109, 113. 127, 131, 137, 139, 149, 161, 167, 163, 167. 

(2) 2, 4, 8, 16, 32, 64, 128,266, 612, 1024, 2048, 4096; 3, 9, 27, 81, 

243, 729, 2187, 6561; 6, 25, 126, 626, S126, 16626; 7, 49, 343, 
2401; 11, 121, 1331, 14641. . 

(3) 169, 289, 361, 629, 841, 961. 

(4) 2« X 3 X 7. (6) 2* x 3. (16) 7« x 11«. (17) 3« x 5 x 83. 
(6) 2« X 32 X 5, (7) 2* X 3 X 7. (18) 2« x 3« x 6 x 11 x 13. 

(8) 2» X 3» X 6 X 11. (19) 2" x 17. (20) prime, 17. 

(9) 2* X 59. (10) 2^ X 3* X 7. (21) prime, 19. (22) 19 x 23. 

(11) 2» X 3 X 5 X 47. (23) prime, 23. (24) prime, 23. 

(12) 3x5^x11 X 19. (25) 23x29. .(26) 3x17x43. 

(13) 1 1 X 13 X 37. (27) 2 x 17 x 139. 

(14) 7* X 11 X 23. (28) 7 x 23 x 31. 

(15) 2x3x5x7x11x13. 
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(1) 18. (2) 75. (3) la (10) 1760. (11) 1728. 

(4) 8. (6) 125. (6) 14. (12) 4096. (17) 28. (18) 45. 

(7) 137. (8) 259. (9) 37. (19) 25. (20) 2. 

Bz. 13. 

(1) 72. (2) 60. (3) 2520. (12) 5460. (13) 4862. 

(4) 3465. (5) 360. (6) 1080. (14) 2520. (15) 232792560. 

(7) 3960. (8) 17820. (9) 504. (16) 14549535. (17) 5040. 

(10)12600. (11)1296. (20) 52 minates. 
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(12) I- 



(2) Ih 

(8) 54. 
(11) 2ft. 



1 



(3) 
(6)2. 
(9) 9|. 
(12) iiV 



(13) 
(16) 



lis 
TI5' 

(19) Jf 



IB. 



(13) 



1 

TTaT 

(16) H- 



(19) 



IJ- 



(i4)iil- (15) S- 

(17) if- ('8) I?. 
(20) 



601 
T55I" 



(14) 1ft. 
(17) Uf. 
(20) 4A. 



(15) A. 
(18) 3f. 



16. 



(l)3f|. (2)2^. (3)211§. 

(4) 21^ (5) 20^. (6) 21||. 

(7) 1. 

(11) ^. (12) ^. 
(14) 4^. (15) 2^, 

(17) S^ (18) If. 



(10) ^. 

(13) 3Uo' 

131 
*40* 



(16) 



(19) 7|. (20) 2^. (21) i|. 

(22) 6f (23) 6|. (24) If. 

j:25) 13f. (26) 0. 
(27) U is the greatest, and ^ 
the least. 



(1) 77*599. 
(3) 114-29. 
(5) 4136-6314. 



(1) 38-08. 

(3) -08843. 

(5) 32. 

(7) 6-72888. 

(9) -761219. 
(U) -C084. 
(13) 14-68. 



Sx. 17. 

(2) 80-901. (7) 175-006. 
(4) 2096-897. (9) 172*463. 
(6) 3-877. 



Ex. 18. 



(2) 157*5. 
(4) 120*4645. 
(6) -003821967. 
(8) 145287. 
(10) 800. 
(12) 350-064. 
(14) -00036288. 



(15) -0016. 
(17) 1080. 
(19) 84-15. 
(21) 005976. 
(23) -0037432. 
(25) 4937000. 



(8) 516-9924. 
(10) 14-427. 



(16) 6250. 
(18) -0625. 
(20) 404-5625. 
(22) 235125. 
(24) 10278125. 
(26> 88647. 



\ 
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BZ. 19. 



0) 


•40625. 


(2) 


•00975. 


(3) 


•033125. 


(4) 


•8112. 


(5) 


•115. 


(6) 


•018359375. 


(7) 


16*225. 


(8) 


11-8375. 



(9) 1401975. (10) -61. 
(11) -516. (12) -361486. 



(13) -059667142. (14) -94817073. 

(16) 25-1881. (16) 37-52085. 

(17) 4-065dO. (18) -366093. 

(19) 41-6678082191. 

(20) -01163846. 



Sz. 20. 



(1) A- 

(4)4 
(6) 



C^) 6250- 
027 /c\ _B5_ 

300625* \*'y 128* 

/y\ J 679 



(3) 5^. 



315 
16' 



/Q\ 609 

20000* \°J 640* 

(12) !§. (13) 12ii. (14) 8^. 



(15) 7^. 
(18) ^. 

(21) PI. 
(23) 21i§|. 



(16) ^ 



j^, (17) 13^. 
(19) lOm^ (20) i^. 
(22) 13,^. 



(24) ^. 



BZ. 21. 



(2) -^87263. 

(5) •25050. 

(7) -S476. 

(9) -27. 
(11) -11403. 
(13) 22. 
(16) -6. 



(1) -6. 

(3) 2-871690045. 

(4) 10-6651290. 
(6) 3-64439314. 
(8) -09375. 

(10) •84. 
(12) 1. 

(14) -ooiOd. 



(1) Is, lOirf.; lis. 8d.i 10«. 7|<f. 

(2) £l 2s. 2f</.; £2 II*. 2g<i; 

£3 17 s. 

(3) 6cwt. 3qr. 24 lb.; 1 ton 

9cwt. 1 qr. 9 lb. 10 oz. 

(4) 6 lb. 1 oz. 6 dwt. 16gr.; 41b. 

3 oz. 11 dwt. 6| gr. 

(5) £11 13*. n^. ; 1 rood 

775iyd. 



/l^ .65.. _1_ 

V'y 192* 28* 

^•\ _0_. 28 

V**/ 112> 45* 

K**/ 'Q* 1600* 



(16) -led. 

(17) 1 and 3; 3 and 6. 

(18) 3 and 8; 4 and 5. 

(19) 1 and 10; 1 and 20. 

(20) 3 and 18; and 120. 

(21) 10-200047. 

(22) 16-919193. 

(23) 2-374948. 



(6) 3 mi. 3 for. 41 J yd.; 1 qr. 5 bus. 

2qt. 

(7) 6wk. 4d. ISlir. 34 m. 24 s.; 

6aQb. ft. 324 in. 

(8) £\ 48, 4|rf.; 12 hr. 26 m. 408. 

(9) £13 15*.; Icwt. 2qr. 8 lb. 

(10) 6*. 7d.i £l 8*. 7fct 



\^J '*25> 00- 

(6) 1}; 1. 



(1) £1 7s. ed.; I3s,4d, 

(2) Qs. 3d. ; £1 19«. 4^, 

(3) 5 625</.; £l \2s.7d. 

(4) 251b. 2oz.; 4 gal. 3qt. 



(') TI» 27* (8) 99* 42* 

(9) 10^; ^. 

(10) A; 2i. 

2ft. 

(5) 2 lb. 8 oz. 6 dwt. 8-256 gr.; 

4-224</. 

(6) 11 wk. 2d. 16hr. 19 m. 128.; 

1 ton 17cwt. 1 qr. 14lb. 14 oz. 
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(7) 6mi. Ifur. I97'12yd.; Irood (8) 19 cub. yd. 10 ft. 752-544in.| 



27 per. 22iyd. 

(1) -7875; 1«5125. 

(2) -3125; -0625. 

(3) -6810546875; 109-375. 

(4) -575; 1-625. 



7«. 

EX. 25. 

(5) -0004125; '4625. 

(6) 145-525; '8078125. 

(7) 7-53125; -665859375. 

(8) 8-75; -625. 



1 



Sz. 26. 



(1) 9s. lOrf.; £3 6». Ifd 

(2) Ids. \^; 28. 10-l6rf. 

(3) 3 fur. 53 yd. lft.;6d. 16 hr. 

53 m. 20 s. 

(4) 4 sq.ft. 82 in.; Iday. 

(5) 2'6d.; £2 48. lO'^^d. 

(6) -42708;^; •40l234567d. 



(7) -533482142857; 2-37804fi. 

(8) -432; -40875912. 

(9) -575308641; -471861. 

(10) -37428571; -OOO037. 

(11) 6 and 6. (12) and 24. 
(13) 3 and 1. (14) 1 and 2. 
(15) 2 and 198. (16) and 30. 



Ex. 27. 



(1) £1127 8*. l^,] £5015 5*. 4d. 

(2) £2780 65. 6|rf.; £2173 18*. 7|d 

(3) £89 17*. 3rf.; £2600 12*. lid, 

(4) £13893 15*. 4i(/.; 

£2699 11«. 5d. 

(5) £4586 17*. 8irf.; 

£25120 98. 3d. 

(6) £416 14*. 1|</.; £1919 2«. lOfti. 

(7) £69169 18«.4|</.;£55 10*. 1|^/. 



(8) 181 tons 5 cwt. 16 lb.; 25401b. 

1 1 oz. 5 dwt. 

(9) 7 Id. 3qr. 6 bus. 5 gal. 3qt 

1 pt. ; lOmi. 3 fur. 101 yd. 8 in. 

(10) 33 yr. 2 d. 23 br. 38 m. 21 sec; 

3799 ml 3 fur. 29 po. 

(11) 12 ton 14 cwt. lOlb. 6oz. 6dr.; 

3978sq.yd. 8 ft. 40 in. 



(1) £124 1*. l|d 

(2) £419 5*. 7|</. 

(3) £14378 6*. 4d. 

(4) £218 8*. 6^. 

(5) £393 5*. lOd 

(6) £345 0*. 8^ 

(7) £3 0*. 5l]d. 



(8) £19 2*. 1|^. 

(9) £27 6*. 4i(/. 

(10) £161 9s. 8^. 

(11) £460 3*. 7|<f. 

(12) £522 4*. 6^. 

(13) £619 3*. Oirf. 

(14) £127 16*. lid. 



fix. 29. 



(1) £79 1*. 9d. (2) £20 5*. 2d. 
(3) 594. (4) 58|. 

(5) £31 10*. (6) 64 ft. 

(7) 7lir. 4m. 20 s. A.M. 



(8) 31 minutes past 1. 

(9) £5 8*. 5f|^. 

(10) £16 6*. 8c/. 

(11) 3*. 7^. 
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Sz. 30. 



(1) 36. 

(2) 1000. 

(1) £60 14s. 6rf. 

(2) £10 12s. 2^. 

(3) 11 seconds. 
(5) 33-95 feet. 
(7) £27 15s. (8) 
(9) 20| hours. 

(1)8. 

(3) £26 13s. 4c?. 

(4) £427 10s. 

(5) £16 18s. 9d. 



(3) 288. (5) jprim- 


(7) lOjhr. 


(4) 15. (6) 15^. 


(8) 2wk. 2id. 


Sx. 31. 




(11) £3 15s. 


(12) 1609-306. 


(13) 2250. 


(14) £1 Is. 10J</. 


(4) £3 12s. (15) £200. 


(16) 312 days. 


(6) 87. (17) 157i. 


(18) £6 12s. 


6581 10s. 7d. (19) £l 4s. 




(10) Is. (20) 6|</. 




Bz. 32. 




(2) 5. (7) 30 days. 


(8) £7 17s. 6 J. 


(9) lib. 


(10) £1375. 


(11) 96. 




(6) 30. (12) 21. 





MISCELLANEOUS EXAMPLES. Page 113. 

(27) 64 bus. 2pk. Igal.; ^^ 



(1) 3960; 499. 

(0\ fi 965 . 723. _2_. go 

(3; 
W 

(5) 



'1092! 
43. _9_ 
50» 11* 



(6) 

(7) 

(9) 

(10) 

(•1) 
(12) 

(13) 

(14) 

(15) 

(16) 

(18) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 



3 . O 4 . 19 

So' -^TSs* Wf* 
•8125; -028716^; 

20, 2000, -0002, 2. 

^; 8cwt, Iqr. 3 lb. loz. 

33. (8) £9 17s. 3d. 

495; 2880. 

1 A \03 . O 433 
**252» "Tool* 

3-44; 11-003; 1^; ffg. 



11 

15* 



•046152; -0000641. 
^; 6 ton 18cwt. Iqr. 
•00003125; 9*. 9|(f. 
20 qr. 5 bus. (17) £520. 
£15 Is. 5^. (19) 15. 
176; 360. 

1. 1024 . 83 
4» 1125* 113" 

£55 2s. 2§<f. 
l.qsei. 414. 17 1071 

^"280» *T5» '•'lOlOO* 

26 years. 

3 years ; 25 days. 

£3600. 



1440- 

(28) 28sq.yd. 6ft. 117 in.; 41 J; 

£5 10s. 

(29) 2 qr. 9-66 lb.; 007421875. 

(30) -125. (31) 45738. 
(32) 50 cubic fee^. (33) £6000. 
(34) 7s. Sid. (35) £3 lOs. 4d, 

(36) 13 ft. .5iin. 

(37) £2 Is. l-d870l2; -5. 

(38) £29 4s. S'S7d.; 1 mi. 6 fur. 

120 yd. 

(39) ^. (40) 3-1415927. 

(41) £2 7s. lOfrf. 

(42) 4 P.M. Oct. 1st.; 5hr. 30m. 

A.M. 

(43) £1 lis. 6d, 

(44) 1-12S0487. 

(45) 15 mi. 5 fur. 

(46) 2 and 6; 1 and 40; 7 and 4; 

8 and 1560. 

(47) 6cwt. (48) 61 miles. 

(49) 2-7182818. 

(50) 18cwt. 2qr. 7 lb. 



k2 
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(\) £72 10». (2) £40 11«. 9|dL 

(3) £149 12«. 1^. 

(4) £129 28, 8jrf. 

(5) £96 0«. 2JJ. 



(2) 31. 

(4) £569 5«. 5d, 

(6) 2 years. 



(1) 4^ years. 
(3) 3J years. 
(5) 5i. 



(1) £13 2». S^. (2) £1 6j?. 5(i, 
(3) £402 108, (4) jgg. 
(5) £5 6«. 11?|J. (6) 98. 6d, 



33. 

(6) 

(8) 

(9) 
(10) 

3ft. 

(7) 

(9) 

(10) 



£1341. (7) £155 5s, 1^ 
£316 9s. U^Mf^ 
£11 10«. l^d. 
£81 Us, 11^. 



6. (8) ;gl910 15«. 

4 years 40 days. 

1 

3- 



9h 



(1) £1228 5j?. (2) £276 98. Sd. 

(3) £714 12». 2^. 

(4) £51 Os. 3*44rf. 

(5) £468 15j». (6) £1367 38, 9d. 



(1) £2629 13«. 9dl 

(2) £1333 6«. Sd. , 

(3) 93i. (4) £158 8». l^d 
(5) £92|. (6) £75. 

(7) The 3 per cents.; £61182 15*. 



(1) £85 6*. 3d. (2) £5. 

(3) £1900. 

(4) £4948 98. Of|</. 

(5) 4jcf. (6) 35. 
(7) £24. 



(1) 23 cannc 2*9 palmi. 

(2) 308-68. (3) 4-047. 

(4) 4729 francs 20 centimes. 

(5) 50rf. (6) 52\d. 



35. 

(7) £17 8«. 

(9) 15«. \\i 

(10) 2 years. 

36. 

(7) 
(8) 
(9) 
(10) £153 6s. Sd, 

37. 

(8) 
(10) 
(12) 
(13) 
(14) 



(8) 5. 



£883 \8, OAd 
£3 19«. S^d. 
£683 18s. 2|d 



(9) 5^. 

(11) 13^ and 5 



£1350. 

£276. 

93. 

An increase of £7 10s. 

204. 



(1) 336, 252, 609, 994. 

(2) £1538 10s., £1031 14s., 

£724. 

(3) £656 5s., £1200, £990. 
/4) ISdwt. (5)^,l?.Jf|. 



(8) £58 2s. 6d, 

(9) Sd. (10) £1 13s. 4<f. 

(11) 85-12 lb., 16-8 lb., 8-96lb., 

1-12 lb. 

(12) 26-09, 16-87, 29-07 and 8-3. 

39. 

(7) jis per cent, cheaper in Paris, 

I per cent, dearer in Ham- 
burg. 

(8) £14 6s. 7id. 

40. 

(6) £570. 

(7) £120 6s. Sd., £154 13s. 9d., 

£182 16s. 3d:, £207 S&. 9d. 

(8) 107 : 105. 



I 
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Bz. 41. 



(1) 5879. 
(3) 12-397. 



(1) 354. 
(3) 486-4. 
(5) 2-22398. 



(1) 47. 

(3) 272. 

(5) 1536; 24570. 



(2) 8765. 
(4) 212*49. 



(5) 10-9087. 

(7) 117yd. 2ft. Sin. 



(6) 8-59953. 
(8) 34. 



(6) 4-41332. 



(2) 563. 

(4) 18-08295. (7) 57-8987 inches. 

Sx. 43. 

(2) 339. (7) 222J. 

(4) 165. (9) 1600 feet. 

(6) ^; 53|. (10) The former; £213 15*. lOd, 



(8) 211. 



(1) 46-8751. 
(3) -0649117. 
(5) 36-759792. 

(7) £868 12*. 5d, 

(8) £587 135. 4|<f. 



(2) 23-7918. (9) £739 12*. 5d. 
(4) 447718-7. (10) 36*227. 
(6) 3-27236. (11) £694 7s. Sd, 
(12) £2077 U, 3d. 



MISCELLANEOUS EXAMPLES. Page 173. 



(1) £76 19*. Hid (2) £1 10*. 
(3) £141 13«. 4d, (4) lose 25. 

(5) £57 I2s. 

(6) 1683; 6-0285. 

(7) £712, £578 10«., £511 15s., 

£333 158. 

(8) 5. 

(9) 17^; 161; 432 ; 7 cwt. 3 lb. 

6§f dr.; 787-027. 

(10) 21^ and 54^ minutes 

past 4. 

(11) lift. (12) 14s. 4|d: 

(13) 56lb., 351b., 21Ib. 

(14) -02478; -00000224; 

15-63106. 

(15) 7|i days. (16) £37 8*. 

(17) 67329; 18-02. 

(18) £l 1«. (19) 168; 368fJ|. 
(20) 24. (21) 12s. 



(22) 23000 and 52500 gallons; 

loss to revenue £1568 15s. 

(23) £39 Is.; £40 Os. 6^; 

£35 10s. 

(24) 5 seconds. 

(25) £50, £75, £100, £125. 

(26) 14^; '1712; -3843902; 

•5362d ; -007392. 

(27) 98|. (28) 1-2942. 

(29) 2» X 3» X 13 X 59; 5* x 7 x 23 

x41; 2x3x 17 X 19 x37. 

(30) 7i days. 

(31) 11-6919; •9353. 

(32) 6s. 4d. (33) 2208 feet. 

(34) £112 10s., £150, £191 5s., 

£234. 

(35) £44 15s. 6d. ; £147 5s. 1^; 

£13 19s. 0^. 

(36) 288; 574560. (37) 150. 
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(38) 261b. 4 0Z.; -005; (73) 3| days. {74) 2s, Sd. 

£15 15«. Sd, (76) £2673; £7315. 

(39) 139 thalers 8|8.g. (76) Ij miles; 9 and 8^. 

(40) 1«. Sd, (41) 4J miles. (77) £4400; £3547 105.; £3372; 
(42) finch. (43) 58|days. - £3200. 

(44) £546 28. Sd. ; £1092 5«. 3|(/. (78) 19140f. 

(45) 55; 66; 78. (79) 253-69 feet per second. 

(46) 27-86; 47-84; -19; 1-57; .(80) £113. 

22-54. (81) 2* x5x 11x13x19; 2»»x47; 

(47) Is, Sd. (48) £99 13*. U^, 2 x 3 x 7* x 17 x 23. 
(49) 4. (50) Is. Id, (82) £67 Is, Sd, 

(51) 3|. (52) 656. (83) 52| minutes past 1. 

(53) -0000092667 ; 3yd. 2ft. Sin. (84) £3 17*. 10|<;. 

(54) £41 Ss, 4d. (85) £29 Is, 4|d 

(55) lOj? and 43^ minutes past 5. (86) 5j, 8j, 11^, 14i. 

(56) £1737 lOs, ($7) -286. (87) £177 2«.; £343 15*.; £384. 

(58) 19min. 49 sec. (88) 40. (89) £584 6*. 7d, 

(59) £90, £120, £135, £150. (90) £3573 13«. 4^ 

(60) 12^ minutes. (91) 13; 41^ minutes past 3; 

(61) £1302 Is, Sd. (62) 6. 9^ minutes, and 36i| 

(63) Every 171 minutes, at points minutes past 7. 

distant ^ of a round from (92) 10 and 0; 12 and 3; 30 and 3. 

each other. (93) 66| minutes ; 9123f^. 

(64) 52 minutes. (94) 26 ft. 1-15 in. 

(65) 8| inches. (95) 1^ miles ; 6 minutes. 

(66) 92, 1944; 891, 12023. (96) £83 6«. Sd. 

(67) £3 8*. 3d, (68) 98. (97) 9 florins 50-7 kreutzers. 
(69) 22 oz. (70) 42f per cent. (99) 88| sq. yd. 

(71) 1-6189. (72) £3289. (100) 360. 
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